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Abstract. We discuss the relation between crystalline Dieudonne the- 
ory and Dieudonne displays, with special emphasis on the case of the 
prime 2. The theory of Dieudonne displays is extended to this case with- 
out restriction, which implies that the classification of finite flat group 
schemes by Breuil-Kisin modules holds for the prime 2 as well. 



Introduction 

It is known that formal p-divisible groups G over a p-adic ring R are clas- 
sified by Zink's nilpotent displays |Zilj . The theory includes a description of 
the Dieudonne crystal of G in terms of the display associated to G. Recall 
that a display over R is a projective module over the ring of Witt vectors 
W(R) equipped with a filtration and with certain semi-linear operators. 

Assume that R is a local Artin ring with perfect residue field k of char- 
acteristic p. Then W(R) has a unique subring W(R), called here the Zink 
ring of R, which is stable under the Frobenius and which sits in an exact 
sequence 

-> W{M R ) -> W(R) -> W(k) -> 0. 
If p is odd or if p annihilates R, Zink obtains in |Zi2j a classification of all p- 
divisible groups over R by Dieudonne displays; these are displays for W(i?) 
in place of W(R). The restriction on p is equivalent to W(R) being stable 
under the Verschiebung endomorphism v of W(R); this is needed since v 
appears in the definition of displays. 

However, we observe here that with a small modification the theory can be 
extended to the case p = 2 in general: The Zink ring is always stable under 
the modified Verschiebung = v{uqx), where Uq is the unit of W(R) 

defined by the relation v(uq) = p — [p\. This allows to define Dieudonne 
displays which classify p-divisible groups over R without restriction on p. 

As an application, the classification of p-divisible groups and finite flat 
group schemes over a complete regular local ring with perfect residue field 
by Breuil-Kisin modules derived in |VZ| and [La2j holds without restriction 
on p. In the case of discrete valuation rings this completes the proof of a 
conjecture of Breuil |Brj . which was proved by Kisin [Kil] if p is odd, and 
in [Ki2] for connected groups if p = 2. 

The main object of this article is to relate the crystals associated to a 
Dieudonne display and to the corresponding p-divisible group. It turns out 
that the Zink ring and Dieudonne displays can be defined for the following 
class of rings R, which we call admissible: The order of nilpotence of nilpo- 
tent elements in R is bounded, and i? re d is a perfect ring of characteristic p. 
Let us call R odd if p is odd or if p annihilates R. 
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One can work in two directions. 

If R is odd, the kernel of the augmentation W(R) —> R carries natural 
divided powers. In this case, the evaluation at W(R) — > R of the Dieudonne 
crystal of a p-divisible group over R can be extended to a functor 

&r '■ (p-divisible groups over R) — > (Dieudonne displays over R). 

This requires some work because the usual construction gives only a filtered 
F-lZ-module over W(R), which does not in general determine a Dieudonne 
display. But the definition of $r can be reduced to the case where R is the 
universal deformation ring of a p-divisible group over a perfect ring. Then 
the Dieudonne display is determined by the filtered -F-y-module because p 
is not a zero divisor in the Zink ring of R. 

We will show that the Dieudonne crystals of a p-divisible group G and of 
the associated Dieudonne display Qr{G) coincide on divided power exten- 
sions of admissible rings which are compatible with the canonical divided 
powers of p. This is a consequence of the following extension of There is 
a notion of Dieudonne displays for a divided power extension of admissible 
rings S — > R, called triples in the work of Zink. If R is odd and the divided 
powers are compatible with the canonical divided powers of p, the evaluation 
of the Dieudonne crystal of a p-divisible group over R at the divided power 
extension W(S) — > R can be extended to a functor 

&S/R '■ (p-divisible groups over R) — > (Dieudonne displays for S/R). 

Again this requires some work; the proof comes down to the fact that the 
Zink ring of the divided power envelope of the diagonal of the universal 
deformation space considered above has no p-torsion. 

The comparison of crystals implies that the functor induces an equiva- 
lence on infinitesimal deformations over odd admissible rings. By a theorem 
of Gabber, p-divisible groups over perfect rings are classified by Dieudonne 
modules, which can also be viewed as displays or Dieudonne displays. These 
two properties imply that is an equivalence of categories if R is odd. 

If R is not odd, in addition to W(R) we also consider the u-stabilised 
Zink ring W + (R) = W(R)[v(l)}, which gives rise to an obvious notion of 
■u-stabilised Dieudonne displays. The preceding constructions give a functor 
<3?^, from p-divisible groups to ^-stabilised Dieudonne displays, which again 
preserves the Dieudonne crystals on divided power extensions of admissible 
rings which are compatible with the canonical divided powers of p. But 
it does not follow that preserves infinitesimal deformations since the 
canonical divided powers of p are not nilpotent. 

In the opposite direction, the initial object in display theory is usually a 
functor from displays to groups. Assume now that R is an admissible ring 
such that -R re d is a (perfect) field, without restriction on p. In this case, an 
explicit formula for the equivalence functor 

BT/j : (Dieudonne displays over R) — > (p-divisible groups over R) 

is given in |Lalj assuming that R is odd, but this restriction is not necessary 
once the general definition of Dieudonne displays is available. The formula 
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is stated in terms of the category J7r of admissible -R-algebras A such that 
j4 re d is a union of finite dimensional /c-algebras. 

If R is odd, the functors BTr and &r are mutually inverse simply because 
the fibered category of p-divisible groups over local Artin schemes has very 
few automorphisms. 

We will show that the Dieudonne crystals of a Dieudonne display and 
of the associated p-divisible group BTr(^), restricted to arbitrary divided 
power extensions of rings in are naturally isomorphic. The main point 
is two write down a map between the crystals, which is done by a variant of 
the duality construction in [Lai] . Here one needs that the definition of the 
Dieudonne crystal of p-divisible groups as a crystalline Ext 1 can be carried 
out in the crystalline site formed by spectra of rings in the category J7r. 

This comparison of crystals implies that in the case when R is not odd, the 
composition <I>^ o BT# from Dieudonne displays to f-stabilised Dieudonne 
displays coincides with the natural base change by W(i?) —> W + (R). 

Finally let us consider a complete regular local ring R with perfect residue 
field k of characteristic p. Choose a representation R = &/E& where & is 
a power series ring over W(k) and where E has constant term p. Let a be 
a Frobenius lift on & that preserves the ideal generated by the variables. 
The results of |La2j for odd p extend to the general case: If a satisfies a 
nilpotence condition, there is a ring homomorphism x : & — > W(R) which 
induces an equivalence between Breuil windows relative to (3 — > R in the 
sense of jVZ] ILa2] and Dieudonne displays over R. 

Assume in addition that R has characteristic zero. Let S be the p-adic 
completion of the divided power envelope of EG C 6. There is an obvious 
notion of windows relative to S — > R. lip is odd let us write W + (R) = W(R). 
Then k extends for all p to a homomorphism : S — > W + (i?) which 
induces an equivalence between windows relative to S — > R and u-stabilised 
Dieudonne displays. This can be shown by a variant of the proof that k 
induces an equivalence as above; if R is one-dimesional with odd p, the result 
also follows from |Zi3j. As a consequence we deduce that for a p-divisible 
group over R, the value of its Dieudonne crystal at S coincides with the base 
change of its Breuil window to S. 

All rings are commutative with unit unless the contrary is stated. For a 
p-divisible group G we denote by D(G) the covariant Dieudonne crystal. 

The author thanks Xavier Caruso, Tyler Lawson, and Thomas Zink for 
helpful conversations. 
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1. The Zink ring 

In this section we study the Zink ring W(i£), which is introduced in [Zi2j 
under the notation W(R), and variants of W(i?) in the presence of not 
necessarily nilpotent divided powers, following [Zi3j. The definitions are 
stated in more generality, allowing arbitrary perfect rings instead of perfect 
fields. The modified Verschiebung v for p = 2 is new. 

1.1. Preliminaries. We fix a prime p. A commutative ring without unit 
N is called bounded nilpotent if there is a number n such that x n = for 
every x £ N. We will consider the following base rings. 

Definition 1.1. A ring R is called admissible if the nilradical Mr is bounded 
nilpotent and if R rc d = R/Mr is a perfect ring of characteristic p. An 
admissible local ring is an admissible ring R such that i? re( j is a field. 

Examples of admissible local rings are local Artin rings with perfect 
residue field. We will also consider projective limits of admissible rings: 

Definition 1.2. An admissible topological ring is a complete and separated 
topological ring R with linear topology such that the ideal Mr of topo- 
logically nilpotent elements is open, the ring R ve d = R/Mr is perfect of 
characteristic p, and for each open ideal N oi R contained in Mr the quo- 
tient Mr/N is bounded nilpotent. Thus R is the projective limit of the 
admissible rings R/N . 

Examples of admissible topological rings are complete local rings with 
perfect residue field. Admissible topological rings in which Mr is not topo- 
logically nilpotent can arise from divided power envelopes; see Lemma 11.131 

Notation 1.3. For a not necessarily unitary ring A let VF(^4) be the ring 
of p-typical Witt vectors of A. We denote by / and v the Frobenius and 
Verschiebung of W(A). Let I A = v{W{A)), let Wi : W(A) -> A be the i-th 
Witt polynomial, and let V^(^4) be the group of all elements of VF(^4) with 
nilpotent coefficients which are almost all zero. 

Let us recall two well-known facts. 

Lemma 1.4. Let A be a perfect ring of characteristic p and let B be a ring 
with a bounded nilpotent ideal J C B. Every ring homomorphism A — >• B / J 
lifts to a unique ring homomorphism W n (A) — > B. 

Proof. See \Gr\ Chap. IV, Prop. 4.3], where the ideal J is assumed nilpotent, 
but the proof applies here as well. □ 

Lemma 1.5 ( |Zi31 Lemma 2.2]). Let N be a non-unitary ring which is 
bounded nilpotent and annihilated by a power of p. Then W(N) is bounded 
nilpotent and annihilated by a power of p. 
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1.2. The Zink ring. Let R be an admissible ring. By Lemma [1.4l the exact 
sequence 

o -> w{M R ) -> -> Ty(i? rcd ) -> o 

has a unique ring homomorphism section s : W(R rec j L ) — > W(R), which is 
/-equivariant by its uniqueness. Let 

W(R) = sW(R ied )®W(M R ). 

Since W{Nr) is an /-stable ideal of W(R), the group W(i?) is an /-stable 
subring of W(R), which we call the Zink ring of R. 

Lemma 1.6. The ring W(R) is stable under the Verschiebung homomor- 
phism v : W{R) W{R) if and only if p > 3 or pR = 0. In this case we 
have an exact sequence 

-»■ W(R) ^ W(R) ^ R -> 0. 

Proof. See [Zi2|, Lemma 2]. For some r the ring Rq = TLjp r TL is a subring 
of R, and W(i? ) = W(Rq) D W(i?). The calculation in loc. cit. shows that 
the element -u(l) G W(i?o) ues hi W(i?o) if and only if p > 3 or r = 1. For 
a G VF(i? re d) we have v(s(f(a))) = v(f(s(a))) = v(l)s(a). Since W{Nr) is 
stable under u and since / is surjective on W(R rcd ), the first assertion of 
the lemma follows. The sequence is an extension of 

-> W(R Ied ) 4 W(i? red ) -> i? red -> 

and 

-> Ty(AA fl ) ^> w-(JVk) -> -A/i? ->■ o, 

which are both exact. □ 

With a slight modification the exception at the prime 2 can be removed. 
The element p — [p] of W(Z P ) lies in the image of v because it maps to zero 
in 1i p . Moreover v~ 1 (p — [p]) lies in 1 + W{p'L p ), so this element is a unit in 
W(Zp). We define 

>]) if> = 2, 
if p > 3. 

The image of no in W(i?) is also denoted ito- For x G W(i?) let 

= t;(uox). 

One could also take tio = i> ~ l {p — [p]) for all p, which would allow to state 
results in a uniform way, but for odd primes this seems overcomplicated. 

Lemma 1.7. The ring W(R) is stable under v : W(R) —> W{R), and there 
is an exact sequence 

-> W(R) ^ W(R) ^ R -»• 0. 

Proof. By Lemma 11.61 we can assume that p = 2. For a G VF(i? rc d) we 
have v(s(/(a))) = v(uof(s(a))) = v(uo)s(a) = (p — \p])s(a), which lies in 
W(R). Since FF(A/"r) is stable under v and since / is surjective on W(R Te d) 
it follows that W{R) is stable under v. The sequence is an extension of 
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and 

o -> w(M R ) ^ w{M R ) -+ jv h o. 

They are exact because in both cases v = vouq where uq acts bijectively. □ 

1.3. The enlarged Zink ring. Let us recall the logarithm of the Witt ring: 
For a divided power extension of rings (B — > R, 5) with kernel b C B, the 
(5-divided Witt polynomials define an isomorphism of iy(-B)-modules 

Log : W{b) b°° 

where x G W(B) acts on b°° by [60,61,...] i- > [wo(x)bo, W\{x)b\, . . .]. The 
Frobenius and Verschiebung of W(b) act on b°° by 

f([b ,bi,...]) = \pbi,pb 2 , ■ ■ .], u([6o,&i,...]) = [0, b , b x , . . .]. 

Moreover Log induces an injective map W'(b) — > b^°°\ which is bijective 
when the divided powers 5 are nilpotent; see [Zilj . Eq. (149) and the subse- 
quent discussion. In general let 

W{b) = Log- 1 (^ { °° ) )- 

This is an /-stable and f-stable ideal of W{B) containing W"(b). 

Assume now that (B — > R, S) is a divided power extension of admissible 
rings (it suffices to assume that R is admissible and that p is nilpotent in B 
because then b is bounded nilpotent, so B is admissible as well). Let 

W(B,5) =W{B) + W(b). 

This is an /-stable subring of W(B), which we call the enlarged Zink ring 
of B with respect to the divided power ideal (b,<5). If the divided powers 
6 are nilpotent then W(B,5) = W(B). We have the following analogues of 
Lemmas 11.71 and 11.61 

Lemma 1.8. The ring W(B,5) is stable under v : W(R) — > W(R), and 
there is an exact sequence 

-> W(B, 5) ^ W(B, 6) ^ B -> 0. 

Proof. The ring W(B,5) is stable under v because so are W(B) and W"(b); 
see Lemma [TTH We have W(B,5)/W(b) = W(R). Thus the exact sequence 
follows from the exactness of — > W(b) — > W(b) — > b — > together with 
the exact sequence of Lemma 11.71 □ 

Lemma 1.9. The ring W(B,5) is stable under v : W(R) — > W(R) if p > 3, 
or ifp G b and the divided powers 5 onb induce the canonical divided powers 
on pB. In this case we have an exact sequence 

-> W(B, S) -4 W(B, 5) ^> B 0. 

Proof. If p > 3 then W(B, 5) is stable under v because W(B) and W(b) are 
stable under v; see Lemma 11.61 Assume that p G b and that <5 induces the 
canonical divided powers on pB. Let £ = p—v(l) G W(S). This element lies 
in W{pB) C and satisfies Log(£) = [p,0,0, ...]. Thus £ G W"(b), which 

implies that v(l) G W(B, 5). Using this, the proof of Lemma [1.61 shows that 
W(B,S) is stable under v. The exact sequence follows as usual. □ 
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1.4. The u-stabilised Zink ring. Assume that p = 2. For an admissible 
ring R let 7 be the canonical divided powers on the ideal pR. We denote 
the associated enlarged Zink ring by 

W + (R) = W(22,7) = W(R) + W{pR) C 

The kernel of the projection W + (i?) -> W{R/Mr) will be denoted #+(AAr). 
In view of the following lemma we call W + (itI) the ^-stabilised Zink ring. 

Lemma 1.10. Let p = 2. M^e Ziaue 

W+(i2) = W(i?) + W(R)v(l). 

The ring W + (R) is equal to W(R) if and only if pR = 0. The W(i?) -module 
W + (i?)/W(i?) is an R re d-module generated by v(l). 

Proof. By Lemma 11.91 we have v(l) 6 W + (R). Clearly pR = implies that 
W + (i?) = W(R). In general we consider the filtration 

W(pA/ji) C W{pR) C W(fl) 

and the graded modules for the induced nitrations on W{R) and on W + (R). 
The restriction of the divided powers 7 to the ideal pNn are nilpotent, which 
implies that 

W+C-R) n W( P M R ) = W( P M R ) = W( P M R ) = W(R) n W{pM R ). 

On the other hand, we have W + (R/pR) = W(R/pR) and thus 

W + (R)/W + (R) n W( P R) = W(R)/W(R) n W(pi2). 

Let c = pR/pN R . By the preceding remarks we have an isomorphism 

W+(i?)/W(i?) W(c)/iy(c). 

This is an i?/A/R-module. Assume that pi? 7^ 0, which implies c / 0. For 
some ideal Mr Q b C R, multiplication by 2 is an isomorphism R/b = c. 
Modulo 2 the divided Witt polynomials are Wi{x) = 72(^-1) + Xi, so the 
isomorphism Log : W(c) —> c°° takes the form 

Log(2a ,2ai, . . .) = 2[a ,al + a 1 ,aj + a 2 ,a\ + a 3 , .. .] 

with a,i € R/b. It follows that W(c)/W(c) can be identified with the di- 
rect limit of the Frobenius homomorphism R/b — > R/b which is 
isomorphic to R/y/b. Under this identification, the element £ = p — v(l) 
of W(c) maps to 1 in R/Vb because we have Log(£) = [2,0,...]. Hence 
W + (R)/W(R) is generated by v(l), with annihilator \fb. □ 

Assume again that p = 2. Let {B — > R, 5) be a divided power extension 
of admissible rings with kernel b C B such that 5 is compatible with the 
canonical divided powers 7 on pB. Let 5 + be the divided powers on b + = 
b + pB that extend 5 and 7. In this case we write 

W+(B, 5) = W(B, 5+) = W(B) + W(b + ). 

Clearly W(B,S) C ¥^+(5,5) D W+(B). If the divided powers on b+/pB 
induced by <5 are nilpotent then W + (B,5) = W + (B). 
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1.5. Passing to the limit. All of the preceding definitions and lemmas 
carry over to the topological case. For an admissible topological ring R let 

W(R) = kmW(i?/A0, 

N 

the limit taken over all open ideals N of R with N C Mr. Then Lemmas 1 1.61 
and II .71 hold for admissible topological rings. The enlarged Zink ring can be 
defined for topological divided power extensions in the following sense. 

Definition 1.11. Let B and R be admissible topological rings. A topo- 
logical divided power extension is a surjective ring homomorphism B — > R 
whose kernel b is equipped with divided powers 5 such that b is closed in B, 
the topology of R is the quotient topology of B/b, and the linear topology 
of B is induced by open ideals N for which N D b is stable under S. 

Remark 1.12. The existence of divided powers on b implies that b C Mb- If 
B is a noetherian complete local ring then every ideal b of B is closed, and 
for each n there is an open ideal N C such that b n N is stable under 
any divided powers 5 on b. Indeed, there is an I with rtVgb 3 n b; then 
take N = m B b + m^, which implies that b n N = m^b. 

For a topological divided power extension of admissible topological rings 
{B — > R, 5) with kernel b C B we define 

W(B,S) = ]^mW{B/N,d/N) 

N 

where N runs through the open ideals of B contained in Mb such that N n b 
is stable under 6, and 5/N denotes the divided powers induced by 5 on the 
ideal b/N D b of B/N. Lemmas 11.81 and 11.91 hold in the topological case. 

Assume that p = 2. Then for an admissible topological ring we can also 
consider 

W + (R) =UmW+(i?/A r ), 

JV 

the limit taken over all open ideals N of R contained in Mr. Assume that 
{B —7- R, 6) is a topological divided power extension of admissible rings 
such that the divided powers 5/N considered above are compatible with the 
canonical divided powers of p for all possible N. Then we can define 

W + (B,5) = hmW + ( J B/A,<5/A). 

N 

In section [3] we need the following example. 

Lemma 1.13. Let R be an I-adic ring such that K = R/I is a perfect ring 
of characteristic p. For a projective R-module t of finite type we consider 
the complete symmetric algebra R[[t]] = Y\ n>0 Sym"(t). Let S be the L-adic 
completion of the divided power envelope of the ideal tR[[t]] C 

(i) The topological ring S is admissible, and S —> R is naturally a topo- 
logical divided power extension of admissible topological rings. 

(ii) If R has no p-torsion, S has no p-torsion. 

Proof. Let o' C S' be the divided power envelope of £i?[[i]] C R[[t]]. We 
write R n = R/I n and S n = S'/I n S', thus S = hmS n . The divided powers 
on a' induce divided powers on a n = a' /I n a' , which is the kernel of S n — > R n . 
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In particular, we have x p " = for x S a n . Hence S n is admissible, S — > R 
is the projective limit of the divided power extensions S n — > R n , and (jl|) is 
proved. Let a" C S" be the divided power envelope of tR[t] C R[t]. We claim 
that the I-adic completion of S" coincides with S. Indeed, since t is finitely 
generated, for each n there is an r such that every element of can be 

written as a linear combination of p n -th. powers. Thus the homomorphism 
R[[t]] —> S n factors over R[t]/t n , and the claim follows easily. Assume now 
that R has no p-torsion. If t is a free i?-module with basis xi, . . . , x s , then 
S" is a free i?-module with basis x— /to! for to G N s ; see [BO, Remark 
3.20.5]; and S is isomorphic to the it!-module R <oc> of infinite sequences 
which converge to zero 7-adically, which has no p-torsion. In general, since 
the divided power envelope S" is compatible with flat base change in R, 
it follows that S" is an infinite direct sum of finitely generated projective 
R- modules. Thus S is a direct summand of R <ao> , and (jn]) is proved. □ 

1.6. Completeness. For an admissible ring R, the Zink ring W(R) is p- 
adic. Indeed, W(R m d) is p-adic, and W{Mr) is annihilated by a power of 
p because this holds for W{Nr) by Lemma 11.51 The following topological 
variant of this fact seems to be less obvious. 

Proposition 1.14. Let R be an I-adic ring such that the ideal I is finitely 
generated and K = R/I is a perfect ring of characteristic p. Then the ring 
W(R) is p-adic. Ifp = 2, thenW + (R) is p-adic as well. 

Proof. The ring W(R) is p-adically separated because this holds for each 
W(R/I n ). Thus W(R) is p-adically separated too. Let 5 = W(K)[[h, . . . t r }] 
and let S — > R be a homomorphism which maps t\, . . .t r to a set of gener- 
ators of I/I 2 . Then S — > R is surjective, and so is W(S) — > W(R). Since 
W(i?) is p-adically separated, in order to show that W(R) is p-adically com- 
plete we may assume that S = R. Consider the ideals J n = p n W(R)+W(I n ) 
of W(R) and JJ n = W(R) n J n of W(R). Then 

W(R)/J n = W n (K) W(I/I n ), 

w(fl)/j n = w n (K) e w(i/i n ). 

It follows that W(R) and W(R) are complete and separated for the linear 
topologies generated by the ideals J n and JT n , respectively; moreover W(R) 
is closed in W(R). The ring W(R) is also complete and separated for the 
linear topology generated by the ideals J' nm = Ker(W(R) W m (R/I n )). 
The J-topology is finer than the J'-topology because J2 n ^ J'nn- 

We claim that for each r the ideal p r W(R) of W{R) is closed in the J'- 
topology, which is a variant of |ZiH Lemma 6]. The proof of [Zil, Lemma 
4] shows that an element x = (xq, . . . , x m ) of W m+ i(R) satisfies xi S I s for 
all i if and only if Wi(x) S I t+S for all i. Then the proof of [Zil} Lemma 5] 
shows that an element x G W m {R) is divisible by p r if and only if for each 
s the image x G W m {R/ I s ) is divisible by p r . Using this, the claim follows 
from the proof of |ZiH Lemma 6]. 

Thus p r W{R) is closed in the finer J-topology as well. Assume that we 
have pW(R) = pW(R) n W(R). Then p r W(R) is closed in the J-topology, 
which implies that W(i?) is p-adic; see [Zil} Lemma 7]. Thus for p > 3 the 
proof is completed by Lemma 11.151 below. For p = 2 the same reasoning 
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shows that W + (i?) is p-adic. Now W + (R)/W(R) is isomorphic to K as 
abelian groups by the proof of Lemma 11.101 We get exact sequences 

-»• K -»• W(R)/p n W(R) -> W + (i?)/p n W + (fl) -»■ 2? -»• 0, 

where the transition maps from n + 1 to n are zero on the left hand -fT and 
the identity on the right hand K. It follows that W(R) is p-adic as well. □ 

Lemma 1.15. For a perfect ring K of characteristic p we consider the ring 
R = W(K)[[ti, . . . ,t r ]] with the (p, t\, .. . ,t r )-adic topology. If p > 3 then 

P W(R)nW(R) =pW(R). 

If p = 2 then 

pW(R) n W + (R) = pW + (R). 

Proof. Assume p = 2. Let / be the kernel of R — > K and let I = I/pR. The 
filtration C W(pR) C W(I) C W{R) induces a filtration of W(R) with suc- 
cessive quotients W{pR) := hm^ W{pR/I n pR) and W{I) := ]jm n W(I/I n ) 
and W{K). To prove the lemma it suffices to show that 

pW(I) n W{I) = pW(I) 

and 

pW(pR) n W(pR) = pW(pR). 
The first equality holds because multiplication by p on W(I) is given by 
(ao, oi, • • •) ' — y (0, a,Q, a\, . . .), and for a G J with a p G 7 P ™ we have a G I n . 
The second quality holds because the isomorphism Log : W(pR) = (pR)°° 
induces an isomorphism between W(pR) and the group of all sequences in 
(pR)°° that converge to zero I-adically. The proof for p > 3 is similar. □ 

2. DlEUDONNE DISPLAYS 

In this section, Dieudonne displays and a number of variants related with 
divided power extensions are defined. We use the formalism of frames in- 
troduced in [La2j. First of all, let us recall a well-known fact. 

Lemma 2.1. Let A be a commutative, not necessarily unitary ring. For 
x G VF(^4) we have f(x) = x p modulo pW{A). Similarly, for x G VF(^4) we 
have f{x) = x p modulo pW(A). 

Proof. For x G W(R) write x = [xo]+v(y) with xq G R and y G W(R). Then 
f(x) = [xq] = x p modulo pW(R) because fv=p and v (y) p = p p ~ 1 v(y p ). 
The same is true when W is replaced by W. □ 

2.1. Frames and windows. We recall the notion of frames and windows 
from |La2j with some additions. A pre- frame is a quintuple 

T = (S,I,R,a,ai) 

where S and R = S/I are rings, where a : S —> S is a ring endomorphism 
with a (a) = a p modulo pS, and where u\ : I — >• S is a cr-linear map of 
^-modules the image of which generates S as an 5-module. Then there is 
a unique element 9 G S with a (a) = 6a\{a) for a £ I. The pre-frame T is 
called a frame if 

I + pS C Rad(S). 
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If in addition all projective P-modules of finite type can be lifted to pro- 
jective S modules then P is called a lifting frame. A homomorphism of 
pre-frames or frames a : P — > T' is a ring homomorphism a : S — > S' with 
a(I) C I 1 such that a' a = ao~ and a[a = u ■ ao\ for a unit u £ S', which is 
determined by a. Then a(9) = u6'. We say that a is a u-homomorphism of 
pre-frames or frames. Let now P be a frame. An F-window is a quadruple 

& = {P,Q,F,F X ) 

where P is a finitely generated projective 5-module with a submodule Q such 
that there exists a decomposition of S- modules P = L®T with Q = L(BIT, 
called normal decomposition, and where F : P — )■ P and F\ : Q —> P are 
o"-linear maps of ^-modules with 

Fi(oa?) = ai{a)F(x) 

for a £ I and x G P; we also assume that Pi(Q) generates P as an S- 
module. Then F(x) = 6F\(x) for x £ Q. If F is a lifting frame, every pair 
(P,Q) such that P is a finitely generated projective S- module and P/Q a 
projective P-module admits a normal decomposition. In general, for given 
(P, Q) together with a normal decomposition P = L © T, giving er-linear 
maps (P, Pi ) which make an P-window 3? is equivalent to giving a cr-linear 
isomorphism 

* : L®T ^ P 

defined by Pi on L and by P on T. The triple (L, T, ^f) is called a normal 
representation oi A frame homomorphism a : P — )• P' induces a base 
change functor a* from P-windows to P'-windows. In terms of normal 
representations it is given by 

(L,T,V)^(S' ® s L, S' ® s T, *') 

with ^'(V ® /) = U(7 / (s / ) (8) #(Z) and ® t) = a'(s') (g> A frame 

homomorphism a : P — > P' is called crystalline if the functor a* is an 
equivalence of categories. The crystalline nature of frames is expressed as 
follows; see |La2} Theorem 3.2]. 

Theorem 2.2. Let a : P — > P' be a homomorphism of frames which induces 
an isomorphism R = R' and a surjection S — > S' with kernel a. We assume 
that there is a finite filtration of ideals a = do D • • • On = with ai(oi) C a,; 
and tr(oi) C Oj+i, £/tcrf ai is elementwise nilpotent on each aj/aj+i, and i/iai 
all finitely generated projective S'-modules lift to projective S -modules. Then 
a is crystalline. 

Let us recall the operator V* of a window. For an S'-module M we write 
MW = S® ffS M. We call a filtered P-F-module over P a quadruple 

(P,Q,F*,V*) 

where P is a projective 5-module of finite type, Q is a submodule of P such 
that P/Q is projective over R, and P fl : P (1) -> P and : P — >■ pW are 
5-linear maps with PM = 6» and V^P* = 0. 

Lemma 2.3. There is a natural functor from F-windows to filtered F-V- 
modules over T , which is fully faithful if 6 is not a zero divisor in S. 
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Proof. The functor is (P, Q, P, Pl) i— > (P, Q, P", V") where P" is the linearisa- 
tion of F, and V* is the unique S-linear map such that V^(F\{x)) = 1(g) x for 
x £ Q. Clearly this determines if it exists. In terms of a normal represen- 
tation (L, P, *) of ^, thus P = L © T, one can define = (1 © 6»)(* tt ) (_1) . 
The relation P tt = on P is equivalent to P'0Pi = 9F\ on Q, which is 
clear since 0Pi = P. The relation 0P^ = 9 on pW holds if and only if it 
holds after multiplication with o"i(a) for all a £ J. For x £ P we calculate 
<7i(a)0P»(l©x) = 0P X (ax) = <r(a) © x = #<7i(a)(l <8> x). 

Assume that 9 is not a zero divisor in S. It suffices to show that the 
forgetful functors from windows to triples (P, Q,P) and from filtered F-V- 
modules to triples (P, Q, F$) are fully faithful. In the first case this holds 
because 9F\ = P. In the second case, for an endomorphism a of P with 
aF t = F t) a (i) we calculate V*a6 = V^aF^V 9 = 0PM 1 ) = 9a^VK □ 

Finally, we recall the duality formalism. Let P denote the P-window 
(S, I,a,ai). A bilinear form between P-windows 

(3 : x gf P 

is an 5-bilinear map j3 : P x P' — >• S such that f3(Q x Q') C I and 
P(Fix, F{x') = o"i(/3(x, x')) for x £ Q and x' G Q'. For each the functor 
g" i—T- Bil(^ x g",F) is represented by an P-window called the dual 
of The tautological bilinear form & x — > S is perfect. There is a 
bijection between normal representations P = L © T and normal represen- 
tation P t = 1} © T* determined by = = (T,T*). The associated 
operators ^ : P — ► P and : P* — > P* are related by (\fcc, \&V) = a (x, x'). 

There is also an obvious duality of filtered P-F-modules over P. The dual 
of M = (P,Q,P»,0) is M* = (P*,Q',0*,P tt *) where P* = Hom 5 (P,5), 
and Q' is the submodule of all y in P* with y(Q) C J. It is easy to see that 
the functor in Lemma 12.31 preserves duality. 

2.2. Pre-frames associated to the Witt ring. For an arbitrary ring R 
let fx : Ir — > W(R) be the inverse of the Verschiebung v. Then 

W R = (W(R),I R ,R,f,fx) 

is a pre-frame with 9 = p. If R is p-adic, Wr is a lifting frame because W(R) 
is p-adic by [Zill Proposition 3], and windows over Wr are displays over R. 
For a divided power extension of rings {B — > R, 5) with kernel b S B one 
can define a pre-frame 

^B/R = mB),I B/R) R,fJ 1 ) 

with Ir/r = ~Tb + W(b) such that fx ■ Ib/r~> W(B) is the unique extension 
of fx whose restriction to W(b) is given by [oo, ai, «2, • • •] ^ [oi,02,---] in 
logarithmic coordinates; see section 11.31 The projection Wr — > Wr factors 
into strict pre-frame homomorphisms Wr — > Wr/r — > Wr. 

As a special case, assume that R is a perfect ring of characteristic p. Then 
/ is an automorphism of W(R), and Ir = pW(R). Let us call a Dieudonne 
module over R a triple (P, P, V) where P is a projective iy(P)-module of 
finite type equipped with an /-linear endomorphism P and an / _1 -linear 
endomorphism V such that FV = p, or equivalently VF = p. 
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Lemma 2.4. Displays over a perfect ring R are equivalent to Dieudonne 
modules over R. 

Proof. To a display (P, Q, P, F\) we associate the Dieudonne module (P, F, V) 
where the linearisation of V : P — > P is the operator V"" defined in Lemma 
12.31 Then VF\ : Q — > P is the inclusion. Here F\ is surjective since / is 
bijective. Thus Q = V(P), and the functor is fully faithful; see Lemma 12.31 
It remains to show that for each Dieudonne module (P, F, V) the P-module 
M = P/V(P) is projective. For p £ SpecP let £p(M) be the dimension of 
the fibre of M at p. Let N = P/F(P). Then £ M + £ N = £ P/pP as func- 
tions on SpecP. Since M and N are finitely presented and since P/pP is 
projective, the functions Im and In are upper semicontinuous, and £p/ p p is 
locally constant. It follows that Im is locally constant, which implies that 
M is projective because R is reduced. □ 

2.3. Dieudonne frames. For an admissible ring R let Ir be the kernel of 
f^o : W(i2) — > R, and let fi : Ir — > W(R) be the inverse of v, which is 
well-defined by Lemma H771 If p is odd, then v = t> and f = /. 

Lemma 2.5. T/ie quintuple 

@R = (W R ,I R ,R,f,$l) 

is a lifting frame. 

We call ii^j the Dieudonne frame associated to R. 

Proof. In order that &r is a pre- frame we need that f{a) = a p modulo 
pW(R) for a € W(R), which follows from Lemma 12.11 applied to W(R TC d) 
and to W(Mr). Since W(Nr) is a nilideal by Lemma [1.51 and since the 
quotient W(R)/W(Mr) = W(R red ) is p-adic, the kernel of W(R) -> i? rcd 
lies in the radical of W(R), and projective i? re d-modules of finite type lift to 
projective W(-R)-modules. It follows that *2)r is a lifting frame. □ 

The inclusion W(i?) — >■ W(i?) is a no-homomorphism of frames 3)r — > Wr. 
Thus for Qr we have = 1 if p > 3 and = puo = p — ii p = 2. 

Definition 2.6. A Dieudonne display over R is a window over 3!r. 

Thus a Dieudonne display is a quadruple ^ = (P, Q,F,Fi) where P is a 
projective W(P)-module of finite type with a filtration IrP CQCP such 
that P/Q is a projective P-module, F : P — > P and Pi : Q —> P are /-linear 
maps with Pi (ax) = ffi (a)P(x) for a G Ir and x £ P, and F\(Q) generates 
P. We write 

Lie(^) = P/Q. 

The height of ^ is the rank of the W(P)-module P, and the dimension 
of ^ is the rank of the P-module Lie(^ 2> ), both viewed as locally constant 
functions on Spec P. As in the case of general frames, we also denote by 'SSr 
the Dieudonne display (W(P), Ir, /, ffi) over R. 
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2.4. Extended Dieudonne frames. Let (B — > R, 5) be a divided power 
extension of admissible rings with kernel b C B. Let W(B/R) = W(B,5) 
and let Ir/r be the kernel of the projection W(B/R) — > R, thus 

l B /R = lB + W(b). 

Lemma 2.7. There is a unique extension of ffi : I_b — > W(B) to an f -linear 
map ffi : 1r/r ~ ► W(5/i2) of W (B / R) -modules such that the restriction of 
ffi to W(b) is given by 

(2.1) f 1 ([a ,a 1 ,a 2 ,...]) = [w (u 1 )a 1 ,wi(uQ 1 )a 2 , ■ ■ ■] 

in logarithmic coordinates. The quintuple 

@B/R = @B/R,8 = (W(B/R),I B/R ,R,f,k) 
is a lifting frame. 

Proof. Clearly ffi is determined uniquely by (|2.ip . Let I' B be the kernel of 
W(B/R) — > B. By Lemma 11.81 the inverse of v is an /-linear map ff[ : 
I' B — > W(B/R) which extends ffi. In logarithmic coordinates, the restriction 
of v to W(b) is given by [ao,ai,...] h-> [0, Wo(uo)ao, Wx(uo)ax, . . .]. Thus 
ffj extends to the desired ffi . As in the proof of Lemma 12.51 the kernel 
of W(B/R) — > R re( ± lies in the radical of W(B/R), and finitely generated 
projective modules lift over this homomorphism. The lemma follows. □ 

We call S>b/r the (extended) Dieudonne frame associated to (B / R, 5), and 
/ij-windows are called Dieudonne displays for B/R. There are natural 
strict frame homomorphisms 

®B -> ®b/r -> 

If the divided powers 5 are nilpotent, then W(B) = W(B/R). In this case, 
lifts of Dieudonne displays from B/R to B correspond bijectively to lifts of 
the Hodge filtration. In any case, we have: 

Proposition 2.8. The homomorphism &b/r ~~ ^ ^ s crystalline. 

Proof. This follows from Theorem 12. 2 1 Indeed, let o denote the kernel of the 
projection W(B/R) -> W(R), thus a = W(b) = b^°°l The endomorphism 
ffi of a is elementwise nilpotent by (|2.1|) . The required filtration of o can 
be taken to be o« = p' l a; this is a finite filtration by Lemma 11.51 We have 
ffi(fli) = Clj by (|2.ip . and f(ai) = Oj+i because the endomorphism / of a is 
given by [ao, oi, • • •] •->■ [pai,pa 2 , . . .] in logarithmic coordinates. □ 

2.5. w-stabilised Dieudonne frames. Assume that p = 2. The preceding 
constructions can be repeated with W + and v in place of W and v. More 
precisely, for an admissible ring R let 1^ be the kernel of W + (R) — > R and 
let fx : 1^ — > W + (R) be the inverse of v, which is well-defined by Lemma 
11.91 The u-stabilised Dieudonne frame associated to R is defined as 

@+ = (W+(R),I+, R,f,fx). 

This is a lifting frame by the proof of Lemma 12.51 The inclusion W(i?) — >• 
W + (R) is a wo-homomorphism of frames *3)r — > which is invertible if 
and only if pR = 0. Windows over are called u-stabilised Dieudonne 
displays over R. 
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Assume again that p = 2, and let (B — > R, 5) be a divided power extension 
of admissible rings with kernel b C B which is compatible with the canonical 
divided powers of p. Let I^, R be the kernel of the projection Wg, fl — > 

W+(R), thus 

^B/B= I+ B + W(b). 

There is a unique extension of /i : ITg — > W + (B) to an /-linear map f\ : 
J b/r -> W + (B/i?) of W+(5/i2)-modules such that its restriction to W{b) 
is given by [oo, cti, ct2, • • •] h >■ [ai, ^2, • • •] in logarithmic coordinates, and the 
quintuple 

is a lifting frame. This follows from the proof of Lemma 12.71 We have a 
Uo-homomorphism of frames £#b/r ~~ ^ ^b/ri w hich is invertible if and only 
if pR = 0, and strict frame homomorphisms 

% "> @B/R "> ^" 

If the divided powers induced by 5 on b + pB/pB are nilpotent, W + (B) is 
equal to W + (B/R). In this case, lifts of windows from to are 

bijective to lifts of the Hodge filtration. In general, we have: 

Corollary 2.9. The homomorphism ^^/ R — > * s c n/ s ^ a ^ne. 

Proof. This follows from the proof of Proposition 12.81 □ 

2.6. The crystals associated to Dieudonne displays. Let R be an ad- 
missible ring. We denote by Cris a d m (-R) the category of divided power exten- 
sions (Spec A — > Spec B, 5) where A is an i?-algebra which is an admissible 
ring, and where p is nilpotent in B. Then the kernel of B — > A is bounded 
nilpotent, so B is an admissible ring as well. 

Let 8? be a Dieudonne display over R. For (Spec-B — > Spec A, 5) in 
Cris a dm(-R) we denote the base change of £P to A by and the unique 
Dieudonne display for B/A which lifts &a by 

^B/A = (Pb/AiQb/A,FiFi)', 

see Proposition ^. 81 A homomorphism of divided power extensions of admis- 
sible rings a : (A — > B, 5) — > (A' — > B', 5') induces a frame homomorphism 
S'a '■ S>b I A ~^ S>B' I A 1 j an d we have a natural isomorphism 

(®aM& l B/A) = & , B>/A'. 

In more sophisticated terms this can be expressed as follows: The frames 
3>B/A form a presheaf of frames 3>** on Cris a d m (-R), and Proposition 12.81 
implies that the category of Dieudonne displays over R is equivalent to the 
category of crystals in f^-windows on Cris a d m (-R)- Then &b/a is the value 
in (Spec A — > Spec B, 5) of the crystal associated to 

For a Dieudonne display 8? = (P, Q, F, iq) over R, the Witt crystal ' 
on Cris a dm(-R) is defined by 

n&h/A = pb/a- 
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This is a projective W(B / A)-module of finite type. The Dieudonne crystal 
D(^) on Cris adm (i?) is defined by 

H^)b/a = Pb/a ®W(B/A) B. 
This is a projective i3-module of finite type. The Hodge filtration of 8? is 
the submodule 

Q/I R P C P/l R P = H(&) R/R . 

Corollary 2.10. Let (B — > R,5) be a nilpotent divided power extension of 
admissible rings. The category of Dieudonne displays over B is equivalent 
to the category of Diedonne displays & over R together with a lift of the 
Hodge filtration of & to a direct summand of H>{3?)b/r- 

Proof. If the divided powers are nilpotent, then W(B/R) = W(B), and lifts 
of windows under the frame homomorphism S^b — > ^b/r are m bijection to 
lifts of the Hodge filtration. □ 

Assume that p = 2. Then the preceding definitions have a v -stabilised 
variant. Let Cris a d m (-R/^p) be the subcategory of Cris a d m (-R) where the 
divided powers are compatible with the canonical divided powers of p. Let 
be a f-stabilised Dieudonne display over R, i.e. a window over For 
(Spec A — > Spec B, 5) in Cris a d m (-R/^p) we denote by the base change 
of ^ + to @\ and by 

^B/A = ( P B/A' Q~B/A> F > ^l) 

the unique lift of &\ to a ^jj^-window, which exists by Corollary 12.91 

The v -stabilised Witt crystal IK + (<^) and the v -stabilised Dieudonne crystal 
® + (&) on Cvis adm (R/Z p ) are defined by K + (&>) B/A = P^ /A and 

B + (0>) b /a = Pb/a ®w+(b/a) B. 

Corollary 2.11. Assume that {B — > R,S) is a divided power extension 
of admissible rings with p = 2 which is compatible with the canonical di- 
vided powers of p such that the divided powers induced by 5 on the kernel of 
B/pB —J- R/pR are nilpotent. Then the category of v -stabilised Dieudonne 
displays over B is equivalent to the category of v-stabilised Dieudonne dis- 
plays & + over R together with a lift of the Hodge filtration of , t ^ >+ to a 
direct summand of B" 1 " {& + ) b / it- 
Proof . This is analogous to Corollary ETUJ using that W + {B/R) = W + (B) 
under the given assumptions on 5; see the end of section [T~S1 □ 

Remark 2.12. Assume that <5^ + is the base change of a Dieudonne display 
over R by the uo-h° momor phi sm of frames S> R ~~ Then for each 
(Speci? — > Spec A, 5) in Cris a d m (-R/^p) > &b/a * s ^ ne base change of &b/a 
by the uo-homomorphism @ B /A ^b/A' ^ follows that + (<$^ + ) coincides 
with the restriction of D(^) to Cris a d m (-R/^p)- However, this does not 
imply that infinitesimal deformations of & and of coincide: Let B be 
an admissible ring with p 2 B = and pB ^ and let R = B/pB. The ideal 
pB carries the canonical divided powers 7 and the trivial divided powers 5. 
Corollary 12. 101 applies to {B — > R, 5) but not to {B — > R, 7), while Corollary 
I2TT1 applies to (B R, 7) but not to (B -)• R,6). 
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2.7. Divided powers. In section[3]we will use that the augmentation ideals 
of the Zink ring and its variants carry natural divided powers, with some 
exception when p = 2. 

Let us first recall the canonical divided powers on the Witt ring. If R is 
a Z( p )-algebra, then W(R) is a Z( p )-algebra as well, and the ideal Ir carries 
divided powers 7 which are determined by (p — l)l^/ p (v(x)) = p p ~ 2 v(x p ). 
Assume that (B — > R, 5) is a divided power extension of Z(p)-algebras with 
kernel b C B. Let i : b W(b) be defined by Log(i(6)) = [6, 0, 0, . . .]. Then 
i(b) is the kernel of the operator f\ of Wr/r, and we have Ib/r = Ib © z(b). 
The divided powers 7 on Ir extend to divided powers 7' = 7 © 5 on Ib/r 
such that j' n (i(b)) = i(5 n (b)) for b G b. If p € b and if 5 extends the canonical 
divided powers of p, then 7 © 5 extends the canonical divided powers of p, 
and / preserves 7 5. This is clear when has no p-torsion; the general 
case follows because (B — > R) can be written as the quotient of a divided 
power extension (B' — > R'), where B' is the divided power algebra of a free 
module over a polynomial ring R" over Z( p ), and R' = R"/pR". 

These facts extend to the Zink ring as follows. 

Lemma 2.13. Let I C W be one of the following. 

(i) I = Ir and W = W(i?) for an admissible ring R with p > 3, 

(ii) I = and W = W + (i?) for an admissible ring R with p = 2. 
Then the divided powers 7 on Ir induce divided powers on I. 

Proof. Since W is a Z( p )-algebra it suffices to show that I is stable under 
7 p : Ir — > Ir, which is true because I = u(W) by Lemmas 11.61 and 11.91 □ 

Lemma 2.14. Let (B — > R,5) be a divided power extension of admissible 
rings with kernel b C B. Assume that p > 3; or that p = 2 and p G b and <5 
extends the canonical divided powers of p. Then the divided powers 7© 5 on 
Ib/r induce divided powers on Ib/r- If P G b and i/£ extends the canonical 
divided powers of p, the divided powers on\ B /R induced 62/7© 5 extend the 
canonical divided powers of p and are preserved by f . 

Proof. Let l' B be the kernel ofW(B/R) B. Then I B/R = f B @i(b), and we 
have I' B = v(W(B / R)) by Lemma [L9l Thus I B is stable under 7, and Ib/r 
is stable under 7 © <5. The second assertion follows from the corresponding 
fact for the Witt ring. □ 

2.8. Passing to the limit. All of the preceding definitions and results can 
be extended to the case of admissible topological rings R. For example, let 

$) R = hm @ R/N 

N 

where runs through the open ideals of R contained in Mr, and let us 
call ^R-windows Dieudonne displays over R as before. Then Dieudonne 
displays over R are equivalent to compatible systems of Dieudonne displays 
over R/N for each A^; see |La2} Lemma 2.1]. 

3. From p-divisible groups to Dieudonne displays 

In this section we define a functor from p-divisible groups over admissible 
rings R with p > 3 or pR = to Dieudonne displays over R and show that 
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it is an equivalence of categories. For p = 2 there is a f-stabilised variant of 
this functor, but it is not an equivalence of categories. 

3.1. Finiteness over admissible rings. As a preparation we verify that 
the categories of p-divisible groups or Dieudonne displays over an admissible 
ring R are the direct limit of the corresponding categories over the finitely 
generated VF(-R re d)-subalgebras of R, with fully faithful transition maps. 
Let us begin with the easier case: 

Proposition 3.1. Every Dieudonne display over an admissible ring R is 
defined over a finitely generated W(R re( i)-subalgebra of R. For an infective 
homomorphism of admissible rings R — )• S such that R rc( ± — > 5 re d is bijective, 
the base change of Dieudonne displays from R to S is fully faithful. 

Proof. A Dieudonne display over R is given by projective W(i?)-modules of 
finite type L, T together with an /-linear automorphism ^ of L © T. These 
objects can be described by three matrices: the idempotents corresponding 
to representations of L and T as direct summands of free modules of finite 
type, and the associated matrix representation of ^f. The coefficients of 
these matrices are finitely many elements of W(R) = W(R ve( t L ) © W(Mr), 
which involve only finitely many non-zero coefficients in W{Nr). This proves 
the first assertion. Similarly, every homomorphism of Dieudonne displays 
over R is defined over a finitely generated VK(-R re d)-subalgebra of R. Thus 
for the second assertion we may assume that J\fg = 0. Let S = S/Mg~ l 
and R = R/R n . Let R' C S be the inverse image of R C S. By 
induction on r, the base change of Dieudonne displays from R to S is fully 
faithful. It follows that the base change from R' to S is fully faithful as well. 
By Corollary 12.101 Dieudonne displays over R or over R' are equivalent to 
Dieudonne displays over R together with a lift of the Hodge filtration to R 
or to R', respectively. Since R — > R' is injective, it follows that the base 
change of Dieudonne displays from R to R' is fully faithful. □ 

Proposition 3.2. 

(i) Every p-divisible group over an admissible ring R is defined over a 
finitely generated W(R re d)-subalgebra of R. 

(ii) For an injective homomorphism of admissible rings R —> S such that 
Rred Sred is bijective, the base change of p-divisible groups from 
R to S is fully faithful. 

Lemma 3.3. Let R be a ring and let a C R be an ideal which is equipped with 
nilpotent divided powers 5. Assume that R is the filtered union of subrings 
Ri C R such that afl R4 is stable under 5. Let G be a p-divisible group over 
R. If G ®rR/ 'a is defined over Ri/aCiRi for some i, then G is defined over 
Rj for some j. 

Proof. We write R = R/a and Ri = Ri/aDRi. The ring Si = Rx^R\ is the 
filtered union of the rings S'y = Rj x^. Ri for j > i. If G = G (S># R comes 
from a p-divisible group Gi over Ri , then G comes from a p-divisible group 
G\ over S\. By [Mel] the group G\ is determined by Gi and by its Hodge 
filtration in D(Gi) 5 .^. = B(Gj)jj. 1^. ©^ Si. For some j > i the Hodge 
filtration is defined over Sij, which implies that G\ is defined over Sy, and 
thus G is defined over R~. □ 
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Proof of Proposition \3.H\ (0). Assume that p n R = and x pr = for x G Mr. 
Let A = W ri {R ve &). For a set X we form the A-algebra 

S = A[{ Xl } ieI ]/({xf} ieX ). 

This is an admissible ring because x pT+n = for x G A/5. If X is sufficiently 
large, we find a surjective homomorphism of A-algebras S — >■ i?. Since every 
p-divisible group over i? can be lifted to S by (HI theoreme 4.4], it suffices to 
show that <JTJ) holds for S. Let a C S be the ideal generated by the elements 

Tt r ~ * 

2/i = for i G X. This ideal carries nilpotent divided powers <5 defined 

by 5 p (i/i) = for all i. By induction on r we can assume that (JTJ) holds for 
S/ a. Then ([!]) holds for S by Lemma 13.31 □ 

Lemma 3.4. Let B ^ A be a surjective ring homomorphism with kernel I 
such that pi = and x p = for all x £ I. For a finite flat group scheme H 
over B, the kernel of H{B) — > H(A) is annihilated by p. 

Proof. Let Bq = B/pB and Hq = H ©# Bq. The abelian group Bq © / 
becomes a ring with multiplication (a © i)(a' © i') = aa' © (ai' + a'i + u'), 
and one can identify B Xa B with B x # (i?o © Since the evaluation of 
H commutes with fibered products of rings, we obtain an isomorphism of 
abelian groups 

Ker(H(B) -> H{A)) Ker(H (B © /) -> flo(S )). 

By the assumptions on /, the right hand side lies in the kernel of the Frobe- 
nius of Hq, which lies in Hq[p\. This proves the lemma. □ 

Proof of Proposition \3.2\ (jn]) . Let G and H be p-divisible groups over R. By 
(0) they are both defined over a finitely generated PF(i? re d)-subalgebra Rq 
of R. Thus to prove ([n|) we may replace R by Ro; then A/jj is a nilpotent 
ideal. We have torsion free Z p -modules 

Hom(C7,F) -> Hom(C7 5 ,F 5 ) -> Hom(GR rod , F Rrcd ). 

The first map is injective because — > S is injective. The second map is 
injective because Lemma f3. 41 implies that its kernel is annihilated by a power 
of p. The cokernel of the composition is annihilated by a power of p because 
A/r is nilpotent. Hence it suffices to show that a homomorphism / : G — )• H 
is divisible by p if and only if f$ ■ Gs — > H$ is divisible by p. But / is 
divisible by p if and only if f[p] : G[p] — > H[p\ is zero, which can be detected 
over S because R — > S is injective. □ 

3.2. Deformation rings. Let A — > K be a surjective ring homomorphism 
with finitely generated kernel / C A such that A is I-adic. The ring K 
is not assumed to be a field. Let NiLy^ be the category of A-algebras A 
together with a homomorphism of A-algebras A — > K with nilpotent kernel. 
We consider covariant functors 

F : m\ K/K -> (sets) 

with the following properties. 

(1) The set F(K) has precisely one element. 

(2) For a surjective homomorphism A± — > A in Nil^/^- the induced map 
F(Ai) -)■ F(A) is surjective. 
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(3) For each pair of homomorphisms A\ — > A <— A2 in NiL\/K such 
that one of them is surjective the natural map F{A\ xa A2) — > 
F(A\) Xp^j F(A2) is bijective. Then for each K- module ./V the set 
F(K © TV) is naturally a TV-module. In particular, tp = F(K[e\) is 
a TV-module, which is called the tangent space of F. 

(4) For each TV-module TV the natural homomorphism of TV-modules 
t F ®K N ->■ F(K © TV) is bijective. 

(5) The TV-module tF is finitely presented. 

The first three conditions imply that F preserves exact sequences of K- 
modules. Thus (4) is automatic if TV is finitely presented. Moreover (l)-(4) 
imply that the Tf -module tp is flat, so (5) implies that tp is projective. 

Proposition 3.5. Assume that F satisfies (l)-(5). Then F is pro-repre- 
sented by a complete A-algebra B. Let t be a projective A-module which lifts 
tp. Then B is isomorphic to the complete symmetric algebra A[[t*]] ; where 
* means dual. This is a power series ring over A i/tp is a free K-module. 

Proof. The K-module tp is projective because it is flat and finitely pre- 
sented. Thus t exists. Let B = A[[t*]] and let B = K © t* F . We have an 
obvious projection B — >■ B. Let £ € F(B) = tF t* F = End(tp) correspond 
to the identity of tp and let £ € F{B) be a lift of £. We claim that the 
induced homomorphism of functors £ : B — > F is bijective. Note that the 
functor B satisfies (1)— (5). By induction it suffices to show that if A — > A 
is a surjection in NiLw/f whose kernel TV is a .ZV-module of square zero and 
if B(A) ->■ F(A) is bijective, then B(A) ->■ F(A) is bijective as well. We 
have a natural isomorphism A x^ A = A Xk (TV © TV). It follows that the 
fibres of B{A) — > B{A) and the fibres of F(A) — > F(A) are principal homo- 
geneous sets under the TT-modules B(K © TV) and F(K © TV), respectively. 
The homomorphism t# — > tp induced by £ is bijective by construction, so 
B(K © TV) -> F(K © TV) is bijective, and the proposition follows. □ 

Corollary 3.6. A homomorphism of functors which satisfy (l)-(5) is an 
isomorphism if and only if it induces an isomorphism on tangent spaces. □ 

Remark 3.7. Let A' — > TV' be another pair as above and let g : A' — > A be a 
ring homomorphism which induces a homomorphism g : TV' — >■ K . For given 
functors F on Nil A / K and F' on NiLy / K r, a homomorphism h : F — > F' over 
g is a compatible system of maps 

h(A) : -»• F'(,4 x K K') 

for v4 in NiLa/Xi here A TV is naturally on object of NiLwji"'- If F an d 
F' satisfy (l)-(5) and if B and 73' are the complete algebras which pro- 
represent F and F', respectively, then h corresponds to a homomorphism 
B' —7- B compatible with g and g. If h{A) is bijective for all A, the induced 
homomorphism 73'© a' A — >■ 73 is an isomorphism. 

Definition 3.8. Assume that p is nilpotent in TV For a p-divisible group 
G over .ZV let 

Defc : Nil A / K -)• (sets) 
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be the deformation functor of G. This means that Defc(A) is the set of 
isomorphism classes of p-divisible groups G' over A together with an iso- 
morphism G' ®aK = G. Let t G = Lie(C7 v ) ® K Lie(G). 

Proposition 3.9. The functor Defc is pro-represented by a complete A- 
algebra B. Explicitly, if t is a projective A-module which lifts to, then B is 
isomorphic to the complete symmetric algebra A[[t*]]. 

Proof. The functor Defc satisfies (l)-(5) with tangent space to because for a 
surjective homomorphism A' — > A in Nil^ whose kernel N is a i^-module 
of square zero and for H G Defc(yl), the set of lifts of H to A 1 is a principally 
homogeneous set under the K- module Horn^tc N) by [Mel]. □ 

Remark 3.10. Let g : A' — > A over g : K' — > K be as in Remark 13.71 such 
that p is nilpotent in K' . Let G over K be the base change of a p-divisible 
group G' over K' . For ^4 in NiL\ we have a natural map 

Bei G >(A x K K')^ Def G (A). 

This map is bijective, and its inverse is a homomorphism Defc — > Def^ over 
g in the sense of 13.71 If B and B' pro-represent Defg and Defc, respectively, 
we get an isomorphism B'i^a'A = B. 

Definition 3.11. Assume that K is an admissible ring. For a Dieudonne 
display 2? over K we denote by 

Def 0i : NiL\ jk ~^ (sets) 

the deformation functor of Let t@> = Hom(Q/Ii(P,P/Q). 

We are mainly interested in the case where K is perfect and A = W(K). 
Then Dieudonne displays over K are displays because W(K) = W{K). 

Proposition 3.12. The functor Y)eio? is pro-represented by a complete A- 
algebra B. Explicitly, if t is a projective A-module which lifts tgj, then B is 
isomorphic to the complete symmetric algebra A[[t*]]. 

Proof. The functor Defgs satisfies (1)— (5) with tangent space tg* because 
for a surjective homomorphism A' — > A in NiL\yx whose kernel N is a K- 
module of square zero and for £ Def^(vl), the set of lifts of to 
A' is a principally homogeneous set under the K-module Homjf(t^, N) by 
Corollary Qfl □ 

Remark 3.13. Let g : A' — > A over g : K' — > K be as in Remark 13.71 such 
that K and K' are admissible rings. Assume that & is the base change of 
a Dieudonne display over K' . If B and B' represent Def^> and Def^', 
respectively, then B'^a'A — B. This is analogous to Remark 13. 101 

3.3. Crystals and frames. Let T = (S, I, R, a, a±) be a frame such that S 
and R are p-adic, S has no p-torsion, I carries divided powers, and a = po\ 
on I. Thus (S, a) is a frame for each R/p n R in the sense of |Zi3] . By a well- 
known construction, the crystalline Dieudonne functor allows to associate 
to a p-divisible group over R an ^-window; this is explained in the proof of 
|Zi3l Theorem 1.6] for the Dieudonne crystal of a nilpotent display, and in 
[Kill [Ki2j for p-divisible groups. 

The construction goes as follows. First, one can define a filtered F-V- 
module; here is is not necessary to assume that S has no p-torsion: 
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Construction 3.14. Let J 7 be a frame such that S and R are p-adic, I 
is equipped with divided powers 5 which are compatible with the canonical 
divided powers of p, and a = po\ on L. Let i?o = R/pR and let 5' be the 
divided powers on I' = I + pS which extend 5 and the canonical divided 
powers of p. We assume that a preserves 5' . This is automatic if S has no 
p-torsion. Let o"o be the Frobenius endomorphism of Rq. There is a functor 

G->(P,Q,F»,W) 

from p-divisible groups over R to filtered P-y-modules over T defined as 
follows. We put P = 0(G) S / R = O(G )s/r , where B(G) is the covarianQ 
Dieudonne crystal. The kernel of the natural projection P — > Lie(G) is Q. 
Since a preserves 5' , there is an isomorphism P^ = ~B(o-qGo)s/r - Thus we 
can define V$ : P — > P^ to be induced by the Frobenius F : Go — > ct^Gq 
and P" : pW — > P to be induced by the Verschiebung V : (JqGq — > Gq. 

In the second step one associates F±: 

Proposition 3.15. Let T be a frame as in the beginning of section \3.3\ Let 
(P,Q,Ft,V$) be the filtered F-V -module over T associated to a p-divisible 
group G over R by Construction \3.14\ There is a unique map F\ : Q — > P 
such that (P,Q, F, Fi) is an F-window, and it induces VK 

Proof. We have functors (P,Q,P,Pi) i-> {P,Q,F^V^) i-> (P,Q,F^) which 
are fully faithful; see Lemma f2.3l Thus we have to show that F{Q) lies in pP, 
so that Pi = p~ 1 F is well-defined, that F\{Q) generates P, and that the pair 
(P, Q) admits a normal decomposition. Since R and S are p-adic and since 
the kernel of S/pS — > R/pR is a nil-ideal due to its divided powers, all finitely 
generated projective P-modules lift to S. Thus a normal decomposition 
exists. The existence of Pi and the surjectivity of its linearisation are proved 
in [Kill A. 2] if S is local with perfect residue field, but the proof can be easily 
adapted to the general case: To prove surjectivity, for each maximal ideal 
of S, which necessarily comes from a maximal ideal m of R, we choose an 
embedding of R/m into a perfect field k. There is a ring homomorphism 
a : S — > W{k) which lifts R — > k such that fa = aa; it can be constructed 
as S — > W(S) —> W(k). Then a is a homomorphism of frames J- — > 
and the assertion is reduced to the case of W%, which is classical. □ 

Remark 3.16. The surjectivity of Pi in the proof of Proposition 13.151 can 
also be deduced from the crystalline duality theorem. Let P = L © T be 
a normal decomposition and let : P — > P be given by Pi on L and by 
P on T. We have to show that the linearisation ^ : P^ — > P is an iso- 
morphism. Let (P' , Q' , F' , F[) be the quadruple associated to the Cartier 
dual G y . The duality theorem gives a perfect pairing P x P' — > S such 
that (P(x),P'(V)> =pa{x,x'). It follows that {F(x), F{(x')) = a{x,x') and 
(Pi(x), F'(x')) = a{x,x') whenever this makes sense. The unique decompo- 
sition P' = L' © T' with (L, L') = = (T, T') is a normal decomposition of 
P', and the dual of the associated Vl/'" is an inverse of 

1 This differs from the notation of [BBM| . where D(G) is contravariant. One can switch 
between the covariant and contravariant crystals by passing to the dual of G or of D(G), 
which amounts to the same by the crystalline duality theorem BBM ( 5.3]. 
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3.4. The Dieudonne display associated to a p-divisible group. For 

an admissible ring R with p > 3 we consider the Dieudonne frame *2)r defined 
in Lemma [2. 51 The ring W(i?) is p-adic by the remark preceding Proposition 
II. 141 By Lemma [2.14l the ideal Ir carries natural divided powers compatible 
with the canonical divided powers of p, and the induced divided powers on 
the kernel of W(i?) —> R/pR are preserved by /. Thus Construction I37T41 
associates to each p-divisible group G over R a filtered F-V-m.o<hAe over 
@r, which we denote by $> R (G). 

Proposition 3.17. For each admissible ring R with p > 3 there is a unique 
functor 

: (p-divisible groups over R) — > (Dieudonne displays over R) 

which is compatible with base change in R such that the filtered F-V -module 
over R associated to $r(G) is equal to & R (G). 

Proof. Clearly $%(G) = (P, Q, F$, V") is functorial in R and G. We have to 
show that there is a unique operator F\ : Q —> P which is functorial in R 
and G such that &r(G) = (P, Q, F, F\) is a Dieudonne display over R. 

Let K = R ve d and A = W(K). Let G = G®rK and let B be the complete 
A-algebra which pro-represents the functor Defg on NiLyxi see Proposition 
13.91 Let 5f be the universal deformation of G over B. If / denotes the kernel 
of B — > K, we can define 

^(^)=lmi<D° // „(^ ® B B/I n ). 

n 

On the other hand, the ring W(B) is p-adic by Proposition II . 141 Therefore 
we can also define ^° B ( < ^) be a direct application of Construction 13.141 and 
this agrees with the limit definition. The ring W(B) has no p-torsion because 
B has no p-torsion. Thus by Proposition 13. 151 there is a unique operator F\ 
which makes <&° B (f&) into a Dieudone display ^b{^) over R. 

By Proposition [32] there is a unique homomorphism B — > R of augmented 
algebras such that G = <8>_b R as deformations of G. Necessarily we define 
&r(G) as the base change of ^b{^) under B — >• R. It remains to show that 
&r(G) is functorial in R and G. 

Assume that G is the base change of a p-divisible group G' over R' under 
a homomorphism of admissible rings R' —> R. Let K', A', G', B', C S' have 
the obvious meaning. We have a natural homomorphism of V^-KT^-algebras 
B' —7- B together with an isomorphism C S I <8>b' B = £f; see Remark 13.101 
By the uniqueness of Fx over B we see that $b(&) coincides with the base 
change of <J>b'(^0- It follows that <&r(G) is the base change of &r/(G'). 

Assume that u : G — > G\ is a homomorphism of p-divisible groups over 
R. Let Gi, Bi, Sfi have the obvious meaning. We have to show that <& R {u) 
commutes with F\. We may assume that u is an isomorphism because oth- 
erwise one can pass to the automorphism (i ?) of G® G±. This reasoning 
uses that the natural isomorphism $ R (G © G\) = $ R (G) © $ R {Gi) pre- 
serves the operators F± defined on the three modules, which follows from 
the uniqueness of F± over the ring which pro-represents Defg x Defg i . An 
isomorphism u : G —> G\ induces an isomorphism u : G = G\ and an iso- 
morphism B = B\ together with an isomorphism u : ^ ®b B\ = §fi which 
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lifts u. By the uniqueness of F\ over B± it follows that <& Bi (u) preserves F\. 
Since u is the base change of u by the homomorphism B\ —> R defined by 
G±, it follows that Q R (u) preserves F\ as well. □ 

In order to analyse the action of on deformations we need the following 
extension of Proposition 13.171 Let (R! — > R, 5) be a divided power extension 
of admissible rings with p > 3 which is compatible with the canonical di- 
vided powers of p. Again, the ring W(R'/R) is p-adic, and I R i m carries nat- 
ural divided powers compatible with the canonical divided powers of p such 
that / preserves their extension to the kernel of W(R' /R) — > R/pR. Thus 
Construction 13.141 associates to each p-divisible group G over R a filtered 
F-V -module over @r>/r, which we denote by *& R '/ R (G). The construction 
is functorial in the triple (R' — > R, 5) and in G. 

Proposition 3.18. Assume that p > 3. For each divided power extension 
of admissible rings (R' — > R, 5) compatible with the canonical divided powers 
of p there is a unique functor 

^R'/R '■ (p-divisible groups over R) — > (Dieudonne displays for R'/R) 

which is compatible with base change in the triple {R' — > R, 5) such that the 
filtered F-V -module over S> R i / R associated to $> R > /r(G) is equal to & R ,^ R (G). 

Proof. For a given p-divisible group G over R we choose a lift to a p-divisible 
group G' over R', which exists by [II, theoreme 4.4]. The Dieudonne display 
&R'(G') is well-defined by Proposition 13.171 and necessarily $ R '/r(G) is 
defined as the base change of $^(Gr') by the frame homomorphism S 1 ^ — > 
^R'/R- We have to show that the operator F\ on $ R i/ R (G) defined in this 
way does not depend on the choice of G'. If this is proved it follows easily 
that & R i /r(G) is functorial in G and in (R' — > R,S); here instead of arbitrary 
homomorphisms of p-divisible groups it suffices to treat isomorphisms. 

Let K, A, G, B, <S be as in the proof of Proposition 13.171 We have an 
isomorphism B = A[[t]] for a finitely generated projective A- module t. Let 
C = B<gi\B. The automorphism r = (J }) oi t (Bt defines an isomorphism 

c = A[[t e t]] A A[[t e t\] = B[[t B ]] 

under which the multiplication homomorphism [i : C —> B corresponds to 
the augmentation -B[[£.b]] — > B defined by ts > 0. Let / be the kernel of 
B —7- K and let C' be the I-adic completion of the divided power envelope 
of the ideal t_B-B[[t_B]] C By Lemma 11.13} [i extends to a divided 

power extension of admissible topological rings // : C' —> B. 

Assume that Gi and G2 are two lifts of G to p-divisible groups over R'. 
Let ^1 and ^2 be the p-divisible groups over C which are the base change 
of £f by the two natural homomorphisms B — > C. By Proposition 13.21 there 
are well-defined homomorphisms a : B — >■ R and a : C — >• R' such that 
G = <S ®B,a R and Gi = Sfj <8>c,a R' as deformations of G. We have the 
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following commutative diagram of rings. 



C 



■> R' 




B 



The arrow a' exists uniquely due to the divided powers on the kernel of 
R' —> R. We obtain the following commutative diagram of frames, where i 
is given by C — > C, and i! is given by the identity of R' . 



' J C'/B 



9 



R'/R 



We have to show that the isomorphism of filtered F-y-modules over m 

(3.1) ^°r>{Gi)) = $° r >/r(G) = 4(^(G 2 )) 

commutes with the operator Fx defined on the outer terms by the func- 
tor The construction of <J> can be extended to topological divided 
power extensions of admissible topological rings by passing to the projec- 
tive limit. Then (|3.ip arises by a4 from the natural isomorphism of filtered 
F-F-modules over 
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(3.2) <«mm) = %>, B m = 

Since a* preserves F\ it suffices to show that (|3.2p commutes with the opera- 
tors i<i defined on the outer terms by the functor <&q. This follows from the 
relation pF\ = F because W(C" /B) has no p-torsion by Lemma 11.131 □ 

3.5. Variant for the prime 2. Let R be an admissible ring with p = 2. 
The ring W + (R) is p-adic, and its ideal 1^ carries natural divided powers 
which are compatible with the canonical divided powers of p. The proof of 
Proposition 13.171 with W + in place of W shows the following. 

Proposition 3.19. For each admissible ring R with p = 2 there is a unique 
functor 

<I>^ : (p-divisible groups over R) — > -windows) 

which is compatible with base change in R such that the filtered F-V -module 

(Gr) is given by Construction \ 3. Tl\ □ 



over R associated to 



If pR = then = so in this case <£^, is actually a functor 

&r : (p-divisible groups over R) — > (Dieudonne displays over R). 

Assume again that p = 2. Let (R' — > R, 5) be a divided power extension 
of admissible rings which is compatible with the canonical divided powers of 
p. The ring W + (R' j R) is p-adic, and its ideal carries natural divided 

powers compatible with the canonical divided powers of p. The proof of 
Proposition 13.181 with W + instead of W shows the following. 
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Proposition 3.20. For each divided power extension of admissible rings 
(R' — > R, 5) with p = 2 such that 8 is compatible with the canonical divided 
powers of p there is a unique functor 

^R'/R ' {p-divisible groups over R) — > (& RI , R -windows) 

which is functorial in the triple (R' —> R, 5) such that the filtered F-V -module 
over @Jjii R associated to ^^,^ R (G) is given by Construction \S.T\ , □ 

3.6. Conclusions. 

Corollary 3.21. Let G be a p-divisible group over an admissible ring R. If 
p > 3, let 3? = &r(G) be the associated Dieudonne display over R; then 
there is a natural isomorphism of crystals on Cris a d m (-R/^p) 

B(G) = B(^) 

which is compatible with the obvious isomorphism Lie(G) = Lie(^). If 
p = 2, let & + = $>^(G) by the associated v-stabilised Dieudonne display 
over R; then there is a natural isomorphism of crystals on Cris a d m (^/^p) 

B(G) = D + (^ + ) 

which is compatible with the obvious isomorphism Lie(G) = Lie(^ + ). 

Proof. Let (R' — > R, 7) be a divided power extension of admissible rings 
compatible with the canonical divided powers of p. Assume that p > 3. 
The Dieudonne display for R'/R given by Proposition 13. 181 is the 

unique lift of & under the crystalline frame homomorphism 3>ri /r — > 3)r. 
By the construction of the underlying filtered -F-F-module &° RI / R (G) and by 
the definition of K(^ 2> ) we get a natural isomorphism of W(i?'/i?)-modules 

HG)w(R>)/R = H^R'/R- 
The tensor product with the projection W(R' /R) — > R' , which is a homo- 
morphism of divided power extensions of R, gives a natural isomorphism of 
.R'-modules D(G)#y# = D(^)^//^. If p = 2 the same argument applies to 
the ^-window Q~^^ R (G) given by Proposition 13.201 □ 

Note that Dieudonne displays over R ve( ± are displays, and they are equiv- 
alent to Dieudonne modules over i? re d by Lemma [ 



Corollary 3.22. Let R be an admissible ring such that p > 3 or pR = 0. 
The following diagram of categories is Cartesian. 

(p-divisible groups over R) > (Dieudonne displays over R) 



(p-divisible groups over i? rc d) — — ► (Dieudonne modules over R rc d) 

Proof. The category of p-divisible groups (resp. Dieudonne displays) over R 
is the direct limit of the corresponding categories over all finitely generated 
M / (i? re d)-algebras contained in R; see section 13.11 Thus we may assume 
that Mr is a nilpotent ideal. If a C R is an ideal equipped with nilpotent 
divided powers which are compatible with the canonical divided powers of 
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p and if the corollary holds for R/a then it holds for R. This follows from 
Corollary 13.211 using that lifts from R/a to R of p-divisible groups and of 
Dieudonne displays are both classified by lifts if the Hodge filtration by 
[Mel] and by Corollary 12.101 By taking a = pR the corollary is reduced to 
the case pR = 0. Then a can be any ideal of square zero equipped with the 
trivial divided powers, and the corollary follows by induction on the order 
of nilpotence of Mr. □ 

We note the following result of Gabber. It is also proved in [La3t Cor. 6.5]. 

Theorem 3.23. The functor &R Icd is an equivalence of categories. 

In view of Corollary 13. 221 we get the following result. If i? re d is a field then 
Theorem 13.231 is classical, so in this case Theorem 13.241 is proved completely 
in this article. 

Theorem 3.24. For every admissible ring R such that p > 3 or pR = the 

functor <&r is an equivalence of categories. □ 

Remark 3.25. Assume that p = 2. If pR ^ 0, the proof of Corollary 13.221 
does not apply to the functor <3?^ because the divided powers on the ideal 
pR are not nilpotent, and lifts of p-divisible groups from R = R/pR to R 
are not bijective to lifts of the Hodge filtration, while lifts of ^^-windows 
to -windows are bijective to lifts of the Hodge filtration. 

On the other hand, assume that for each R the functor & R can be ex- 
tended to a functor &r from p-divisible groups over R to Dieudonne displays 
compatible with base change in R. Such a functor necessarily satisfies Corol- 
lary 13.221 and thus Theorem 13.241 Indeed, for a given p-divisible group G 
over a perfect ring K with associated display & the functors <&r induce a 
homomorphism of deformation functors $ : Def q —> Def @> on the category 
^ilw(K)/K- These functors are pro-represented by complete symmetric al- 
gebras of projective W (K)-modules; see Propositions 13.91 and 13.121 Thus <3? 
is an isomorphism as soon as it is bijective on tangent spaces, which can be 
verified over rings of characteristic p and thus follows from Corollary 13.221 

This reasoning does not apply to the functors because the deforma- 
tion functor of £F + -windows is not pro-representable, which corresponds to 
the fact that the functor W + does not preserve fibered products of admis- 
sible rings. Explicitly, the proof of Proposition 13.121 does not apply to the 
deformation functor of f^ + -windows because there are no functorial divided 
powers on ideals of square zero which are compatible with the canonical 
divided powers of p and nilpotent modulo p. 

We have the following consequence of the crystalline duality theorem. 
The duality of windows has been recalled in the end of section 12.11 

Corollary 3.26. Let G be a p-divisible group over an admissible ring R and 
let G v be its Cartier dual. If p>3, there is a natural isomorphism 

$ R (G V ) * ^r(G) 1 . 

If p = 2, there is a natural isomorphism $jj(G v ) = 

Proof. Let p > 3. The crystalline duality theorem I > I > M 5.3] gives an 
isomorphism $^(G V )* = $> R (G). Since the functor from windows to fil- 
tered F-F-modules preserves duality, the uniqueness part of Proposition 
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13.171 implies that this isomorphism preserves F\ , so it is an isomorphism 
<^ R (G v ) t = <S>r(G). The case p = 2 is similar. □ 

3.7. Passing to the limit. The results of this section carry over to admis- 
sible topological rings R because Dieudonne displays or p-divisible groups 
over R are equivalent to compatible systems of such objects over R/N for 
each open ideal N of R contained in Mr- We leave out the details. 

4. Rigidity of ^-divisible groups 

In this section we collect some rigidity properties of the fibered category 
of p-divisible groups over local Artin rings and of the associated crystals. 

4.1. Finite flat group schemes. Let J- be the additive category of com- 
mutative finite flat p-group schemes over a fixed local ring R. It is known 
that T is equivalent to the full subcategory T* of the bounded derived cate- 
gory of the exact category of p-divisible groups over R such that the objects 
of T* are the complexes of length one which are isogenies; see [Kilt 2.3.5]. 
In elementary terms this can be expressed as follows. 

Proposition 4.1. Let X be the category of isogenies of p- divisible groups 
over R with homomorphisms up to homotopy. The set S of quasi-isomor- 
phisms in I allows a calculus of right fractions. In particular, the localised 
category S^ 1 ! is additive. It is equivalent to the additive category T . 

Proof. For completeness we sketch a proof. Isogenies of p-divisible groups are 
denoted by X = [X° -)■ X 1 ] etc., and H°X denotes the kernel of X° -)■ X 1 . 

1 . A homomorphism of isogenies / : X — > Y is null-homotopic if and only 
if H° f : H°X —7- H°Y is zero; the homotopy is unique if it exists. 

2. For each homomorphism of isogenies / : X — )■ Y there are a quasi- 
isomorphism of isogenies t : Z — > X and a homomorphism g : Z — > Y which 
is an epimorphism in both components such that ft is homotopic to g. Proof: 
Embed H°(X) into Z° = X°®Y° by (1, /) and put Z 1 = Z°/H°(X). Define 
t and g by the projections Z° — > X° and Z° — > Y°. There is a homotopy 
between ft and g because ft = gon H°(Z). 

3. For given homomorphisms of isogenies X A Y A Y\ where s is a 
quasi-isomorphism, one can find an isogeny X' with a homomorphism g : 
X' — > Y 1 and a quasi-isomorphism t : X' — > X such that ft is homotopic to 
sg. Proof: By 2. we can assume that the components of / are epimorphisms. 
Then take X' = X xy Y' componentwise. 

4. Thus S allows a calculus of right fractions, and S^ 1 ! is additive. 

5. We have an additive functor H° : S~ l T — > J 7 , which is surjective on 
isomorphism classes by a theorem of Raynaud [BBM, 3.1.1]. Let X and Y 
be isogenies. The functor H is full because for a given homomorphism / : 
H°(X) — > H°(Y), the construction in 2. allows to represents / as ^(gt^ 1 ). 
The functor is faithful because if a right fraction gt^ 1 : X — > Y induces zero 
on H° then g induces zero on H° and thus g is null-homotopic. □ 
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4.2. The fibered category of p-divisible groups. Let (Art) be the cate- 
gory of local Artin schemes with perfect residue field of characteristic p, and 
let (Art)o C (Art) be the full subcategory of all schemes where p is zero. We 
denote by (p-div) — > (Art) the fibered category of p-divisible groups over 
schemes in (Art) and by (p-div)o —> (Art)o the inverse image of (Art)o- 

Lemma 4.2. Assume that u is an exact automorphism of the fibered cat- 
egory (p-div) over (Art) such that for the group E = Qp/Z p over SpecF p 
there is an isomorphism u{E) = E. Then u is isomorphic to the identity. 
Similarly, an exact automorphism u of the fibered category (p-div)o over 
(Art)o such that u(E) = E is isomorphic to the identity. 

Proof. We work with (p-div); the case of (p-div)o is similar. For each U in 
(Art) we are given a functor G i— > G u from the category of p-divisible groups 
over U to itself, which preserves short exact sequences, compatible with base 
change in U, such that Hom(G, H) = Hom(G", H u ). We have to show that 
there is an natural isomorphism G u = G for all G, compatible with base 
change in U. Let (p-fin) — > (Art) be the fibered category of commutative 
finite flat p-group schemes over schemes in (Art). By Proposition 14.11 u 
induces an automorphism of (p-fin) over (Art). Let H £ (p-fin) over U £ 
(Art) be given. Assume that p n annihilates H and H u . For each T — >■ U in 
(Art) there is a natural isomorphism 

H(T) ^ Rom T (Z/p n Z,H T ) Hom r (Z/p n Z, H$) = H U (T), 

using that (Z/p™Z) u = Z/p n Z. Since commutative finite flat group schemes 
over U form a full subcategory of the category of abelian presheaves on 
(Art)/?/, we get a natural isomorphism H = H u , which induces a natural 
isomorphism G = G u for all p-divisible groups G over U. □ 

One can also study the freedom in the choice of the isomorphism u = id. 

Lemma 4.3. Let a be an endomorphism of the identity of (p-div) over 
(Art), i.e. for each U in (Art) and each p-divisible group G over U an 
element etc € End{/(G) is given, which is functorial in G and U. Then a is 
an element of Z p . Similarly, every endomorphism of the identity of (p-div) o 
over (Art)o is an element of Z p . 

Proof. We work with (p-div); the case of (p-div)o is similar. Since End;y(G) 
has no p-torsion we may replace a by 1 + pa and thus assume that a is 
an isomorphism. Since End(Q p /Z p ) = Z p , after multiplying a with a p-adic 
unit we may further assume that a is the identity on Q p /Z p . By Proposition 
14.11 a induces an endomorphism a! of the identity of (p-fin) over (Art). 
For H £ (p-fin) over U G (Art), an element x of H(U) corresponds to a 
homomorphism Z/p n Z — > H over U. Since a' is the identity on Z/p n Z it 
follows that a'(x) = x. Thus a' is the identity. Since a' determines a, the 
latter is the identity too. □ 

For completeness we note the following extension of Lemma 14.21 

Lemma 4.4. Let u be an exact automorphism of the fibered category (p-div) 
over (Art) or (p-div)o over (Art)o- There is a unique continuous character 
X : Gal(Fp/F p ) -> Z! such that G u = G ® x for all G. 
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Proof. Again an automorphism u of (p-div) over (Art) induces an auto- 
morphism of (p-fin) over (Art). Let k be an algebraically closed field of 
characteristic p. Then u permutes the three simple objects Z/pZ, fi p , and 
a p of (p-fin)s pec fc. This permutation must be the identity because only 
a p has infinitely many endomorphisms, and Hom(/i p , Z/pZ) is trivial but 
Hom(Z/pZ, Hp) is not. Thus the group Q p /Z p over F p is mapped by u to an 
etale p-divisible group of height 1, which corresponds to a character \ as i n 
the lemma. Then Lemma 14.21 gives an isomorphism G u ® x~ l — G. □ 

4.3. Homomorphisms of crystals. We fix a perfect field k of character- 
istic p. Let (Artfc) be the category of local Artin schemes whose residue 
field is a finite extension of k. By a slight change of notation we denote by 
(p-div) — > (Artfc) the fibered category of p-divisible groups over schemes in 
(Artfc) and by (f^-win) — > (Art&) the fibered category of Dieudonne displays 
over schemes in (Art&). 

For U in (Artfc) and for a p-divisible group or Dieudonne display X over 
U we consider the augmented covarianto Dieudonne crystal D(A) — > LieX 
(defined over different crystalline sites). Denote by W(X) the restriction of 
O(X) to divided power extensions in (Art^). This means that for T <— V — > 
U in (Artfc) where the first arrow is a divided power embedding, we have a 
surjective homomorphism of Cy-modules W(X)u// T — > Lie(A[//). 

Lemma 4.5. Let : (fF-win) — > (p-div) be an additive functor of fibered 
categories over (Artfc) which preserves height and dimension. Let (3 : D' — > 
W o ^ be a homomorphism between functors on (i^-win) which respects 
the Hodge filtration. This means that for each divided power embedding 
(U —> T, 5) in (Artfc) and each Dieudonne display 2? over U we are given a 
commutative diagram of Ot -modules 

w(&) u/T ^ )u,T ) wm&Vu/T 



-> Lie(* 



Lie(^) 

which is functorial in 2? and in (U — > T,6). Assume that (3°(2 g ) is an 
isomorphism for all 2? '. Then (3 (0 s ) is an isomorphism for all & . 

Proof. Let U = Spec/c and T = Specfefe]. It suffices to show that f3(0 l )jj/u 
is an isomorphism for all 2? defined over U. Let G = $?(&). We consider 
the following homomorphism of exact sequences of fc-modules, where V{2^) 
and V(G) have equal dimension. The diagram defines 



-> V{&) ► Wi&fo/u ► Lie(^) 



-+ V(G) — 



Pi&>)u/u 

y(Gh/u — 



-> Lie(G) — 



-+ 



-+ 



2 See footnote \T\ on page[ 
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Lifts of & to T are in bijection to Kom k (V(&>), Lie(^)), and lifts of G to 
T are in bijection to Honifc(T/(G), Lie(G)). Thus \& induces a map 

z/> : Hom fe (y(5 a ),Lie(^)) -> Homjfc(V(G), Lie(G)). 

Since for two lifts and ^ 2 of ^ to T the isomorphisms B'(^i) T / T = 
W(^) u/T ^ B'(^ 2 '2)t/t and their analogues for G, = *(^) are compatible 
with /3, for each a G Hom/%(l/(<^), Lie(^)) the following diagram commutes. 

— Lie(^) 



ibiot) 

V(G) — Lie(G) 

By replacing with & © ^ if necessary, we may assume that f3°(^ g ) is a 

non-zero isomorphism. Since a is arbitrary, the diagram implies that 

is injective, thus bijective. Thus fi(&)u/u ls an isomorphism. □ 

Lemma 4.6. Assume that for each U in (Art/;) and each p-divisible group 
G over U an endomorphism /3(G) of B'(G) is given, which is functorial in 
G and U and which respects the Hodge filtration, such that /3(Q P /Z P ) = id. 
Then /3(G) = id for all G. The lemma also holds if /3(G) is an endomorphism 
of the restriction of D'(G) to nilpotent divided power embeddings in (Art), 
or to (nilpotent) divided power embeddings which are compatible with the 
canonical divided powers of p. All this remains true is (Art/%) is replaced by 
its full subcategory of schemes where p is zero. 

Proof. Let G be a p-divisible group over U G (Art/;). As in the proof of 
Lemma 14.51 for each homomorphism a : V(G) —> Lie(G), corresponding to 
a deformation of G over U[e], we have a commutative diagram 

V(G) — Lie(G) 



0HG) 



V(G) — 2-> Lie(G). 

Since j3 l {%/Z p ) is the identity it follows that /3°(G) and /3 X (G) are the 
identity for all G. Thus 7(G) = /3(G) — id is an endomorphism of D'(G) 
such that for every lift G' of G to U[e] the endomorphism g = "f{G)uiu\ e \ 
of M = W(G)u/U[e] vanishes on V(G') and has image in V(G'). If V(G) is 
zero, 7(G) must be zero. If V(G) is non-zero, the sum of all possible V(G') 
contains eM, so g vanishes on eM, and thus the image of g lies in eM. 
Since the inverse image of g under U — > U[s], e 1— > is r y(G)u/jj, we see that 
P(G)u/U i s the identity. By functoriality in U we get that /3(G) = id. □ 

5. From Dieudonne displays to ^-divisible groups 

In this section we define a functor from Dieudonne displays over an ad- 
missible local ring to p-divisible groups, without restriction on p. 
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5.1. Preliminaries. We fix an admissible local ring R with (perfect) residue 
field k = R Te d of characteristic p. 

Definition 5.1. Let Jr be the category of i?-algebras A such that Ma is 
bounded nilpotent and ^4 re d is the union of finite dimensional /c-algebras. 

We call a ring homomorphism A — > B ind-etale if B is the filtered direct 
limit of etale j4-algebras. 

Lemma 5.2. Every A G Jr is admissible. The category Jr is stable under 
tensor products. If A — >■ B is an ind-etale or a quasi-finite ring homomor- 
phism with A G Jr then B G Jr. 

Proof. Since a reduced finite /c-algebra is etale and thus perfect, every A in 
Jr is admissible. Let A — > B a ring homomorphism with A G Jr. Then 
MaB is bounded nilpotent, so B is lies in Jr if and only if B/MaB lies in 
Jr. For given homomorphisms B <— A — > C in Jr we have to show that 
B ®a C lies in Jr. By the preceding remark we may assume that A, B, C 
are reduced. Then B®aC is the direct limit of etale fc-algebras and thus lies 
in Jr. Let g : A — > B be an ind-etale or quasi- finite ring homomorphism 
with A G Jr. In order to show that B G Jr we may assume that A is 
reduced. Then every finitely generated fc-algebra in A is etale. Thus each 
etale A-algebra is defined over an etale /c-algebra in A. If g is ind-etale it 
follows that B lies in Jr. Assume that g is quasi-finite. Then B is defined 
over an etale fc-algebra in A. Since all finite A;-algebras lie in Jr and since 
Jr is stable under tensor products it follows that B G Jr. □ 

Let S = Spec R and let Js be the category of affine S'-schemes Spec A 
with A G Jr. If r is one of ind-etale or fpqc, we consider the r-topology on 
Js in which coverings are finite families of morphisms (Specif —> Spec A) 
such that the associated homomorphism A — > B{ is faithfully flat, and 
ind-etale if r is ind-etale. Let Sj tT be the category of r-sheaves on Js- 

Lemma 5.3. The presheaf of rings W on Js is an fpqc sheaf. 

Proof. See [Lal[ Lemma 1.5]. Since the presheaf W is an fpqc sheaf it 
suffices to show that for an injective ring homomorphism A — > B in Jr we 
have W(A) = W{B) n W(A) in W(B). This is easily verified using that 
A Ied B red is injective and W (JV A ) = W (M B ) D W(A) mW(M B ). □ 

5.2. The functor BT. Let be a Dieudonne display over R. For Spec A 
in J s let @>a = {Pa,Qa,F,Fi) be the base change of to A. We define 
two complexes of presheaves of abelian groups on Js by 

(5.1) Z(^)(Spec4) = [Q A ^ Pa], 

(5.2) Z'(^)(Spec4) = [Q A ^> P A ] ® [Z Z[l/p]], 

such that Z(&) lies in degrees 0, 1 and Z^^) lies in degrees —1, 0, 1, so the 
second tensor factor lies in degrees —1,0. 

Proposition 5.4. The components ofZ'(&) are fpqc sheaves. The ind-etale 
(and thus the fpqc) cohomology sheaves of Z'{&) vanish outside degree zero, 
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and the cohomology sheaf in degree zero is represented by a well-defined p- 
divisible group BTr(^) over R. This defines an additive and exact functor 

BT/j : {Dieudonne displays over R) — > (p-divisible groups over R). 

One can also express the definition of the functor BT# by the formula 

BT R (^) = [Q ^> P] ® L Q p /Z p 

in the derived category of either ind-etale or fpqc abelian sheaves on J$. 

Proof of Proposition \5.4\ This is essentially proved in |Lal| , but we repeat 
the arguments for completeness and because there is a small modification 
when p = 2. To begin with, p-divisible groups over R form a full subcategory 
of the abelian presheaves on Js because finite group schemes over R lie 
in Js\ see Lemma 15.21 Hence BTr is a well-defined additive functor if 
the assertions on the cohomology of Z'{&) hold. Since an exact sequence 
of Dieudonne displays over R induces an exact sequence of the associated 
complexes of presheaves Z' ', the functor BT/j is exact if it is defined. 

The components of Z(£P) and Z'(^) are fpqc sheaves by Lemma 15.31 
These complexes carry two independent nitrations. First, a Dieudonne dis- 
play is called etale if Q = P, and nilpotent if V" is topologically nilpotent. 
Every Dieudonne display over R is naturally an extension of an etale by a 
nilpotent Dieudonne display, which induces exact sequences of the associ- 
ated complexes Z(. . .) and Z'(. . .). Thus we may assume that 8? is etale or 
nilpotent. Second, for every 5? we have an exact sequence of complexes of 
presheaves 

-> Z{3) -> Z(0>) z red (&) 0, 
defined by Z re d(^)(Spec A) = Z(<5^)(Spec A TC d). The same holds for Z' 
instead of Z. We write Z(&) = [Q -»• P]. 

Assume that is etale. Then F\ : P — > P is an /-linear isomorphism. 
Thus F\ : P — > P is elementwise nilpotent, and the complex Z{£?) is acyclic. 
It follows that Z{&) is quasi-isomorphic to the complex Z re d(^ 2> ) = Z Te &, 
which is the projective limit of the complexes Z ve & n = Z ve ^/p n Z Yet ±. In the 
etale topology, each Z re ^ n is a surjective homomorphism of sheaves whose 
kernel is a locally constant sheaf G n of free Z/p n Z-modules of rank equal to 
the rank of P. The system (G n ) n defines an etale p-divisible group G over 
P, and Z rc & is quasi-isomorphic to T V G = HmG„ as ind-etale sheaves. It 
follows that Z'(3>) ~ Z' Ied (3) is quasi-isomorphic to [T p G -> T p G®Z[l/p)] 
in degrees —1,0, which is quasi-isomorphic to G. 

Assume that is nilpotent. Then the complex Z rec j(^) is acyclic because 
its value over Spec A is isomorphic to [1 — V : P4 rcd — > PA ied ] where V is 
a topologically nilpotent / _1 -linear homomorphism. Thus Z(&) is quasi- 
isomorphic to Z(P). To 3* we associate a nilpotent display by the uq- 
homomorphism of frames 2>r —> Wr. By [Zilt Theorem 81 and Corollary 
89] there is a formal p-divisible group G over R associated to this display 
such that for each A £ Jr there is an exact sequence 

-> Q(A) uoFl ~\ P(A) -> G(A) -> 0. 

Since «o £ W(Z p ) maps to 1 in W(F p ), there is a unique c G W(Z P ) which 
maps to 1 in W(F p ) such that uq = c/(c _1 ), namely c = nocr(uo)cr 2 (uo) ■ ■ ■ • 
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Then multiplication by c in both components defines an isomorphism 

{ Q(A) P(A)) - [Q(A) P(A)] 

It follows that Z'{&) ~ Z'(&) is quasi-isomorphic to G in degree zero. □ 

Remark 5.5. Recall that &r = (W(R), Ir, f, ffi) is viewed as a Dieudonne 
display over R. We have BT fl (^) = ^ by [EH (211)]. 

Lemma 5.6. Let R ^ R' be a homomorphism of admissible local rings. For 
each Dieudonne display & over R there is a natural isomorphism 

BThC^j? =BT W (^). 

Proof. If the residue field of R' is an algebraic extension of k, every ring 
in Jri lies in Jr, and the assertion follows directly from the construction 
of BT/j. In general, let Sr be the category of all -R-algebras which are 
admissible rings, and let S$ be the category of affine S'-schemes Spec A with 
A G Sr, endowed with the ind-etale topology. The complexes of presheaves 
Z(£P) and Z'(&) on Js defined in ([5.1 1) and (|5.2|) extend to complexes of 
presheaves on Ss defined by the same formulas. It is easy to see that for 
an ind-etale ring homomorphism A —> B with A 6 Sr we have B E Sr as 
well; see Lemma [5. 2 [ Using this, the proof of Proposition 15.41 shows that the 
ind-etale cohomology sheaves of Z'(&) on Sr vanish outside degree zero, 
and is naturally isomorphic with BT^(^ 21 ) as a sheaf on Sr. 

Since every ring in Sri lies in Sr, the lemma follows as in the first case. □ 

5.3. Comments. At this point there are different ways to proceed. The 
results and methods of |Zi2j and [Lalj show that the functor BT# is an 
equivalence of categories. But one can also directly relate the crystals as- 
sociated to 8? and BT^(^ 2> ), which gives another proof of the equivalence. 
Before doing so we will discuss in more detail what is known. 

Proposition 5.7. The functor BT/j is an equivalence of exact categories. 
If P > 3 or pR = 0, then BT/j is a quasi-inverse of the functor <&r defined 
in Proposition \3.11 . 

Recall that §r is an equivalence by Theorem 13.241 If p = 2 and R is not 
annihilated by p, the relation between BT# and the functor <I>^ defined in 
Proposition 13. 19l is explained in Corollary 16.121 below. 

Proof. By section 13.11 we may assume that R is a local Artin ring. Since 
p-divisible groups and Diedonne displays over k have universal deformation 
rings which are power series rings over W(k), once the functor BTr is de- 
fined, in order to show that it is an equivalence of categories it suffices so 
consider R = k and R = k[e]. In particular, if p = 2, we may assume that 
pR = 0, so that the results of |Zi2j and [Lalj can be applied. The category 
Cr used in [Lalj is the category of all A € Jr such that Ha is nilpotent. 
Since this subcategory is stable under ind-etale extensions, it does not make 
a difference whether the functor BT/j is defined in terms of Cr or Jr. Thus 
BT# is an equivalence by [Lal[ Theorem 1.7], which relies on the equiva- 
lence proved in |Zi2j . Assume that p > 3 or pR = 0. It is easily verified that 
BTr(^r(Q p /Z p )) is isomorphic to Q p /Z p . Thus BTr is a quasi-inverse of 
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&r by Lemmas 14.21 and 15.61 This proves also that, for general R, the in- 
verse of BTr preserves exact sequences, using that a sequence of Dieudonne 
displays over R is exact if and only if it is exact over R/pR. □ 

The Serre dual of a p-divisible group G is denoted by G v . 

Proposition 5.8. For every Dieudonne display 2? over R there is a natural 
duality isomorphism BTr^*) = BT R (^) y . 

If P > 3 or pR = this is proved in [Lalj by constructing explicitly a 
biextension between BTr(^) x BTr(^*) and BT R (@ R ) This works 

for p = 2 without restriction, but the following argument is much easier. The 
Lie version of the construction of the duality isomorphism is used in the next 
section for a different purpose, so the idea of the construction survives. 

Proof of Proposition \5.8[ We can assume that R is a local Artin ring with 
perfect residue field. Since BTr is an equivalence of exact categories which 
is compatible with base change, the assignment a:Gi4 BT(BT _1 (G)') V is 
an exact automorphism of the fibered category (p-div) over (Art) considered 
in section 14.21 It is easily verified that a(Qp/Z p ) is isomorphic to Q p /Z p . 
Then the proposition follows from Lemma 14.21 □ 

5.4. Passing to the limit. Assume that R is an admissible topological 
ring such that R re d is a field, for example a complete local ring with perfect 
residue field. Then the functors BT r /n, where N runs through the open 
ideals of R contained in Mr, induce a functor 

BTr : (Dieudonne displays over R) — > (p-divisible groups over R) 

because both sides are the projective limit of the corresponding categories 
over R/N. The assertions of Propositions 15.71 and 15.81 carry over to the 
topological case. 

6. Relation of the crystals 

In this section we relate the Dieudonne crystals of a Dieudonne display 
over an admissible local ring and of the associated p-divisible group, which 
is defined as a crystalline Ext 1 following [BBM] . The main point is to write 
down a homomorphism between the crystals. Initially we have to verify that 
Ext 1 can be computed in the smaller crystalline site formed by spectra of 
admissible rings in the category Jr. 

The results of this section are not used in section [7J 

6.1. The Dieudonne crystal over admissible rings. Let £ be a scheme 
equipped with a divided power ideal {I, 7). Let S be a scheme over £ such 
that p is locally nilpotent in S and the divided powers 7 extend to S. We 
recall that the large crystalline site CRIS(SyX) used in [BBM] consists of 
S-schemes U together with a divided power extension of S-schemes U — > T 
compatible with 7 such that p is locally nilpotent on T. 

We fix a perfect field k of characteristic p. Let J = Jw(k) be the category 
of Ty(/c)-algebras A which are admissible such that A- e d ^ s a un i° n of finite 
dimensional fc-algebras. We assume that S = Speci? with R £ J and 
denote by Crisj(S/S) the category of all U — > T in CRIS(S , /S) such that 
U = Spec A with A € J. Then T = Speci? with B G J as well. Let r 
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be one of the three topologies Zariski, ind-etale, or fpqc. We denote the 
restriction functor of r-sheaves from CRIS(5/S) to Crisj-(S/E) by 

res r : (S/T,)cris,t -> (S/T,) C risj,T- 

This is the direct image functor of a morphism of topoi. If r is Zariski 
or ind-etale, all r-coverings in CRIS(i?/£) of an object of Crisj(S/T,) lie 
in Cris j(S/Y,). In these cases res T is also the inverse image functor of a 
morphism of topoi in the opposite direction. Let Os/z : j = res T (C?5/s). 

Let Sj iT be the category of r-sheaves on the category of S-schemes to 
which the divided powers 7 extend and let Sj :1:T be the category of r- 
sheaves on the category of S*-schemes to which the divided powers 7 extend 
of the type Spec A for A G Jr. As before, the restriction res T : S 7)T — > Sj^ iT 
is the direct image functor of a morphism of topoi, and if r is Zariski or ind- 
etale, it is also the inverse image functor of a morphism of topoi. In addition 
we have morphisms of topoi 

^s/s,r : Sy,T -> (S/T,)cms,T, 

defined by i*(G)(U -»■ T) = G(U). We write i*(G) = G. If r is Zariski or 
ind-etale, i* is also the inverse image functor of a morphism of topoi in the 
opposite direction. 

Lemma 6.1. Let G be a finite flat group scheme or a p-divisible group over 
S. For i < 2 we have a natural isomorphism of Og/j^ j -modules 

(6.1) res T Erf 5 / SiT (G,0 5/E ) - Ext? s/ ^j <T (G^s/z,j)- 
These modules are independent of the choice of r as presheaves. 

Proof. This is a routine verification using the results of [BBMJ. 

Assume first that G is finite. By |BBMt 1.3.6], for all i > the left hand 
side of (|6.ip is res T of the r-sheaf associated to the Zariski sheaf 

E l = Ext l 5/SiZar (G, 05/ s ). 

The proof of loc. cit. shows that the right hand side is the r-sheaf associated 
to the Zariski sheaf Ebrt^ E J Zar (g. O s /z,j). By [BBM1 2.3.11], E? is already 
a r-sheaf if i < 2. Thus it suffices to prove that the functor reszar induces 
an isomorphism (|6.ip if z < 2. By |BBM, 2.1.5], there is an exact sequence 
in S^.Zar 

CO) _> G« _> (7(0) -> G -> 

where each G^ n ) is a finite direct sum of sheaves of the type Z[G m ]. We 
break it into four short exact sequences -> G^ -»• G(°) -»• G -»• and 
-»• G( 2 ) -> CW -> G« -> and -»• G< 3 ) -»• G^ 2 ) -»• G^ 2 ) -> and 
-»• G^ -»• G® -> G® -»• 0. These sequences remain exact under i*, and 
the restriction reszar induces homomorphisms of the associated long exact 
sequences resExts/ E)Zar (- . . , O s /y) -> IMs/s^zarC • • ' °S/V,j)- We claim 
that the involved homomorphisms 

(6.2) resExt^Zar^W O s/E ) -> Ext l s/E ^ >z JG^, O s/Eii7 ) 

are isomorphisms for n < 3 and all i. Indeed, let X = G rn and let U — > T 
be an object of Cris i y(5'/E). Since G is finite over R, X is the spectrum of 
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a ring in J , and Ct\sj(Xu/T) is denned; see Lemma I5T21 By |BBM| 1.3.4] 
and its proof we have isomorphisms 

(6.3) Ext^jZ^, O u/T ) - WdXu/T)^, Xu/T ), 

(6.4) Extij /T , JMl (Z[Xu], O u/T>J ) - H\(Xu/T)j^ T , Xu/T>J ). 

Let (Xjj /T) zar be the category of Zariski sheaves on the category of all U' — > 
T' in CRIS(X[//T) such that U' is an affine open subscheme of Xjj; this 
implies that U' — > T' lies in Ct\sj{Xu/T) as well. The cohomology groups 
on the right in flO]) and ([621) both coincide with W((Xu /T)^, Xu /t), 
and hence (|6.2|) is an isomorphism for n < 3 and all i as claimed. By the 
5-lemma it follows that reszar induces an isomorphism (|6.ip for i < 2. This 
proves Lemma l6.1l if G is finite. 

Assume now that G is a p-divisible group. For i < 2, the left hand side 
of (|6.ip is equal to 

res T hmExt^ /S)T (Gb1,05/E) 

n 

according to [BBM, 2.4.5]. Since res T commutes with projective limits, the 
p-divisible case of (|6.ip is reduced to the finite case if the right hand side of 
(|6.ip is equal to lim ^ Ext ^y £ j T (G\p n ], Og/T,,j)- This follows from the proof 
of [BBMl 2.4.5]. Indeed, the properties of the sheaves ExtL £ JG\p n ], Og/ S ) 
used in the proof of [BBMl 2.4.4] carry over fro m CRIS(5/E)'to Crisj(5/S) 
by the finite case of (|6.ip . The proof of [BBM[ 2.4.3] uses that the sequences 

(6.5) G[p n ] 

are exact in (SyX)cRis,fpqc by [BBMj 1.1.7]. Since for A G and for a 
quasi-finite ring homomorphism A — > B we have -B € J7r by Lemma 15.21 
the proof of [BBMl 1.1.7] shows that (|6.5p is exact in (Sy£)crisj-,fpqc as well. 
The remaining arguments relevant for the proof of [BBM} 2.4.5] carry over 
from CRIS(5/S) to Crisj(5/S) easily. □ 

Lemma 6.2. Let G be a finite flat group scheme or a p-divisible group over 
S. For i < 2 we have a natural isomorphisms of Og/^j -modules 

(6.6) res T Ext^ T (G,G a ) = Ext^ (G, G a ), 

(6.7) is/z,j*^s Jn JG,G a )^E^ s/ ^j, T (G,G, a ), 
and these modules are independent of r as presheaves. 

Note that (JUID without J holds as well by [BBMl 2.3.12 and 2.4.6]. 

Proof. The proof of (|6.6p and of the fact that the involved modules are 
independent of r is an elementary analogue of the proof of Lemma 16.11 
see the discussion preceding [BBMl 2.3.12], and [BBMl 2.4.6]. Then (HTTP 
follows from the arguments given in [BBMl 2.3.12 and 2.4.6]. □ 

We recall that if p n R = 0, for a p-divisible group G over R the exact 

sequence —> G[p n ] —> G — > G — > on S^fpqc induces an isomorphism 

Lie(G v ) - mm S -,(G[p n ],G a ) = Ext^ fpqc (G,G a ). 

The same holds for Sj^^ pqc instead of S 7 f pqc . 
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6.2. Relation of the crystals. Let now S = Spec R for an admissible local 
ring R with perfect residue field k. We define J = Jw{k) as before. Let 
& be a Dieudonne display over R and let G l = BT^(^ 21 *). We want to 
construct a homomorphism of ©5/5^ j- modules 

P{&) : D(^) -> Extl /Sii7 (G*, 5/E)<7 ) = B(G* V ) 

(see footnote [1] on page [22]) which is compatible with a homomorphism of 
-R-modules 

P°(0») : Lie(^) ^Lie(G* v ). 
The construction of /3°(^) is the Lie- version of the construction of the du- 
ality homomorphism in |Lalj . and the construction of P(& > ) is a crystalline 
extension of this construction. 

Let us fix some notation. For given U — > T in Cris j(SfE) we write 
U = Spec A and T = SpecB and a = Ker(B -> A). Let 

^b/a = (Pb/a,Qb/a,F,F 1 ) 

be the unique lift of &a to a Dieudonne display for £>/^4 (Proposition 12. 8| ) 
and let <$^ a be the kernel of the projection &b/a ~ > &A- Thus 

& a = (P a ,P a ,F,F 1 ) 

with P a = Pb/a ®w(b/A) W(a), and i*i(a; (g> a) = F(a;) 8) ffi(o). Consider the 
surjection B[e] — > A Its kernel o© eB carries divided powers which extend 
the given divided powers on a - B[e] by the trivial divided powers on eB. Let 
& e B/A be the kernel of the projection &B\e]IA ~^ Thus 

9'eBfA = {PeB,PeB,F,F 1 ) 

with P eB = Pb/a ®w(b/A) W(eB), and F\{x (g> a) = F(x) ® ffi(a). Let 

JP e B = Pb /j4 <8> W (b/a) uW'(eB). 
In the case A = B we also consider ^Meh the scalar extension of ^ under 
A — > A[e]. Let & e A be the kernel of the projection ^A\e] ~^ &A- Thus 

3 9 eA = (PeA,QeA,F,F 1 ) 

where P £ a/QsA = P/Q ®h 

Definition 6.3. We define complexes of abelian groups in (S/Ttyj ind-st m 
degrees 0, 1 by 

Z(^)([/^T) = [Q A ^>P A ] 
Zs/*(&)(U -> T) = [Q BM -Pb/a] 

-+ r) = [/p eB ^> p £ b] 

and complexes of abelian groups in (S'/^O.T'.ind-et m degrees —1,0, 1 by 
Z'(&)(U ->T) = [Q A ^> Pa] © [Z -> Z[l/p]] 

4/s(^)(^ -> T ) = [Qbm ^ ® t z z tVp]] 

and a complex of abelian groups in Sj- )7) ind-6t in degrees 0, 1 by 
Z(3») e (SpecA) = [Q e A ^ Psa}- 
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Lemma 6.4. Let G = BT R (&>). Then: 

(i) The projection Zg^(^) — > Z_{&) is a quasi-isomorphism. 

(ii) The projection Z^/ s (^) — > Z^(&) is a quasi-isomorphism. 

(iii) The complex Z^(&) is quasi-isomorphic to G in degree zero. 

(iv) The complex Yg/^(^ > ) £ is quasi-isomorphic to D(^ 2> ) in degree one. 

(v) The complex Z(£P) £ is quasi-isomorphic to the quasi- coherent mod- 
ule Lie(^) = P/Q in degree one. 

Proof. The projection <JTJ) is surjective on the level of presheaves with kernel 
equal to [Fx — 1 : P a — >■ P a ]- Since ffi is elementwise nilpotent on W(a), here 
Fx — 1 is bijective. This proves @[]) and (|n]). Similarly, the endomorphism 
Fx — 1 of P £ b is bijective; thus Y s /z(3 g ) £ (U — > T) is isomorphic to the 
inclusion [IP £ b — > Peb}- Its cokernel is isomorphic to Pb/a ®w(s/A) B = 
D(&)b/Ai which proves (flv|) . The proof of (jvj) is similar. Since the functor 
(^S/'S,j,md-et)* i s exact, (jm|) follows from the definition of G = BTr(<^) in 
Proposition 15.41 □ 

Construction 6.5. We define P(^). Let us write = (P',Q',F',F[). 
We start with the tautological bilinear form 

a : @> x ->■ 9r. 

This is a perfect bilinear form a : P x P' — > W(R) such that a(Fxx, F[x') = 
fxa(x,x')) for i £ Q and x' G Q'. Since for B/A as above the base change 
under $>b/A ~^ is compatible with duality, we have also a tautological 
bilinear form 

<*B/A -^B/AX &b/A ~> -$B/A- 
The restriction of a_e[e]/A induces a bilinear form 

a £ B/A ■ ^eB/A X ^B[e]/A ~> @eB/A, 

which vanishes on P £ b x P l eB and thus induces a bilinear form 

a sB /A ■ &sB/A ®eB/A- 
Explicitly this is a W(-B/M.)-bilinear map 

a:P eB x P' B/A -> W(efl) 
such that a(Fxy, F[y') = ffia(y, y') for y G P £ # and y' £ Q'b/A' Since a 
comes from the bilinear map OiB[e]/Ai it maps IP £ b x P' b /a 
As in |Lall Sec. 3] we use a to define a homomorphism of complexes 

which is well-defined up to homotopy. It consists of a map in degree zero: 

70 : IP eB ® Qb /a vW[eB) 

defined by y ® y' i-> a(y,y'), and a map in degree one: 

7l : (IP eS ® P^) (P eB Q'b/a) -> ^(^) 

defined by (y®x') @{x® y') \-t a(Fxy, x') + a(x, y') or a(y, a;') + a(x, F[y'). 
It is easily verified that both choices of 7 are homomorphisms of complexes 
that differ by a chain homotopy. We compose 7 with the quasi-isomorphism 
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r) s — > Os/y,,j[— 1] from Lemma l6~4l (frvj) and take the tensor product 
with [Z Z[l/p]] placed in degrees —1,0. The resulting homomorphism 

is adjoint to an arrow 

7 : Y s/ ^) £ -> HQm s/SiJ (4 /E (^), 5/s>J ). 

Here Z^ s (^*) is quasi-isomorphic to G* by Lemma l6~4l (|n|) and (|m|) . We 
compose 7' with Horn -4 fi Hom and take the cohomology sheaf in degree 
one. By Lemma 16.41 (frv|) . this gives the desired homomorphism 

: D( <?) -4 m^j^iG", O s/ x,j) = B(G* V ). 

Construction 6.6. The definition of /3°(<^) is similar. The scalar extension 
of the bilinear form a under A — )■ A[e] is a bilinear form 

Its restriction 

a £A : &eA x -4 % A 

vanishes on P £ a x P*^ and thus induces a bilinear form 

a eA ■ &eA x ^ -4 ^ e A- 
We use it to define a homomorphism of complexes 

7 : Z(#% ® ->■ Z(#ii) e 

well-defined up to homotopy, such that the involved maps 

70 : QeA ®Q' A ^ vW(eA) 

and 

71 : (QeA ® P A ) © (iVA © <9a) W'M) 
are defined by the same formulas as 70 and 71. We compose 7 with the quasi- 
isomorphism Z{&) £ — > G a [— 1] from Lemma 16.41 (jvj) and take the tensor 
product with [Z — >• Z[l/p]]. This gives the adjoint of an arrow 

7': z(&) e -+mmsA z '(& t )> G *)- 

If we compose with Horn — > fi Hom and take H 1 we get a homomorphism 

: Lie(^) Ext^,,^, G a ). 
Lemma 6.7. T/ie hommorphism f3(&) and f3°{&) are compatible. 

Proof. Let z = is , /s,j r ,md-et- The construction of (3°(&) is preserved un- 
der the functor i* because i* commutes with Horn and because for a nil- 
immersion U — > T the ind-etale coverings of U and of T are the same. 
There are obvious homomorphisms of complexes: 

Y s/ ^) £ ^u(Z(&>) £ ), 

which induces the projection D(^) — > i*(Lie(^)) in the first cohomology; 

Z s/s (& t )^i*(Z(& t ))= 

which is a quasi-isomorphism by Lemma 16.41 §j§ ; and 
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which induces the projection Os/s ~ ► &a in the first cohomology. Since these 
homomorphisms are compatible with 7 and 7 the lemma follows easily. □ 

Lemma 6.8. The homomorphism /3°(&) is an isomorphism. 

This is the Lie version of [Lalt Theorem 3.4]. Before proving it let us 
recall some facts from Cartier theory. For an arbitrary Z(p)-algebra R we 
consider functors on the category of all i?-algebras A. By [Ca| . formulated 
as in [ZiH Proposition 117], the bilinear maps 

W(R) x W(A) ^ W{A) ^ G m {A) 

induce an isomorphism W(R) = Hom(V^, G m ), where hex identifies G m with 
the cokernel of 1 — v : W — >■ W. By taking the kernel of the base change 
under R[e] — > R we get an additive version: The bilinear map 

(6.8) W{eR) x W(A) ^ W{eA) ^ eA = A, 

where eA is considered as an ideal in A[e] and where S is the sum of 
the components, induces an isomorphism W(eR) = Hom(W',G a ). Next, 
Ext 1 (W", G ) = Ext 1 (W r ,G ) vanishes by |Z21 Proposition 114]. It follows 
that the exact sequence of fppf sheaves 

-> W[f] -> w -4 w -»• 0, 

remains exact under Hom(. . . , G a ). Here the dual of / is the endomorphism 
v of W(eR), and we get an isomorphism Hom(W[/],G a ) = R. 

Proof of Lemma \6.8l Since /3°(^) is a homomorphism of projective ^-mod- 
ules which is compatible with base change, we can assume that R = k is 
an algebraically closed field. Then we can assume that is F-nilpotent or 
8? = 3>k- Assume that 9* = 3k- For A G Jk we have 

Z{@i){A) = [W(A) ^\ W(A)}. 

The inclusion Z p — > W(A) is a quasi-isomorphism Z p — > Z(^), under which 
the homomorphism 7 corresponds to the identity Z(@k) E ® Z p — > Z(@k) e . 
By functoriality with respect to the quasi-isomorphism Z{S>k) e — > G a [— 1] we 
see that f) (3>k) can be computed starting with the identity G a [— 1] Z p — > 
G a [— 1] instead of 7. The associated homomorphism 

pP(@k) : k = Hom(Z p ,G a ) Ext^Qp/Zp, G a ) 

is ± the connecting homomorphism of — > Z p — > Q p — > Qp/l^p — > 0, which 
is an isomorphism because Ext*(Qp, G ) vanishes for all i. 

Assume now that is F-nilpotent, so that is nilpotent. First, as 
explained in the proof of Proposition 15.4^ the inclusion Z{& t ) — > Z(£P t ) is 
a quasi-isomorhpism. Second, let Z{9 > ) e be the analogue of Z{&) e with W 
instead of W, thus 

Z(^) £ (SpecA) = [Q e A ^ Psa] 

with P eA = P® W {k) W{eA) and P £ A/QeA = P/Q^k^A. Since F : P ->■ P is 
topologically nilpotent and since the W (k)-module W(eA) is annihilated by 
p, the endomorphism F\ of P e A is nilpotent, and Lemma [6.4l (jvj) extends to a 
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quasi-isomorphism Z(£?) £ —> Lie(<^ 2> )[— 1]. In view of these remarks, in the 
definition of /3°(^ 2> ) the homomorphism 7 can be replaced by its analogue 

which exists because the product W(eA) ■ W(Ma) lies in W(eA). Since the 
components of Z(£P t ) are p-torsion sheaves, the tensor product with [Z — > 
Z[l/p]] is just a shift by one. Now the category Jk can be replaced by the 
category of all /c-algebras A because all terms that appear in 7 are naturally 
functors on the larger category. The pairing (|6.8|) gives an isomorphism 
u : P e k = Hom/%(P', G Q ). Let t : Q £ k —> P e k be the inclusion. We claim that 
there is the following commutative diagram with exact rows, where g± = uol 
and 50 = C^i)* u '-> this is analogous to |Lall (3.8)]. 

> Qek — ► P £ k > Lie(&>) ► 
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(F'—l)* 

> Hom(P',G a ) - — ► Hom(Q',G a ) ► Ext 1 (G*,G a ) ► 

It is easy to see that the left hand square commutes. The right hand 
square commutes because the construction 7 1— > /3°(^ > )k is functorial with 
respect to the obvious homomorphisms Q' — > Z(& 1 ) and Z{3P) e (k) — > 
P £ k[~ !]• The exact lower line is induced by the exact sequence 

->■ Q' P' -^G t -> 0; 

here Ext 1 (P / , G ) vanishes because P' is isomorphic to a multiple of W. The 
exactness of the upper line follows from Lemma 16.41 (jvj) . 

Now gi is injective with cokernel isomorphic to P £ k/Qek — P/Q- Choose 
a normal decomposition P' = L' © T'. The k- modules P/Q and L' /pL' are 
the duals of each other. Since Hom(W[/], G a ) = k, the inclusion L'[f] — > P' 
induces an isomorphism Coker(<7i) = Hom(L'[/], G Q ). On the other hand, 
the argument on [Lai, page 255] shows that there is an exact sequence of 
fppf sheaves 

-> L'[f] -> Q' P' -> 0. 
This sequence remains exact under Hom(. . . ,G a ). Thus go is injective with 
cokernel isomorphic to Hom(L'[/], G a ). The composition 

L'[f] CQ'^P* 

is the negative of the inclusion because F[ is /-linear. Thus the natural ho- 
momorphism Coker(gi) — > Coker(go) is bijective, which implies that f3°(£P) 
is an isomorphism. □ 

Theorem 6.9. Let R be an admissible local ring. For each Dieudonne 
display over R and each divided power extension (B — > A, 5) in Jr there 
is a natural isomorphism 

(6.9) H^)b/a = D(BT fl (^)) BM , 

functorial in and in (B — > A, 5), which respects the Hodge filtration. 
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Again we use the covariant Dieudonne crystal; see footnote Q] on page [22l 

Proof. Let £ = SpecZ p with the divided power ideal / = (0). In the notation 
of Lemma 031 let ^ : (£F-win) ->■ (p-div) be the functor & h-> BT(^*) v . 
The homomorphism f3(&) defined in Construction IB31 satisfies the hypothe- 
ses of Lemma 14.51 by Lemmas 16.71 and 16.81 Thus f3(&) is an isomorphism 
B(^) ^ ID)(BT( t ^'*) v ). (Lemma S3] is stated only with respect to local 
Artin rings, but whether /3(&) is an isomorphism can be verified over the 
residue field.) One obtains the desired isomorphism (j6.9j) either by using the 
duality isomorphism BT(^*) V = BT(<^) of Proposition 15.81 or by taking 
the dual of /3(^*), using that B(^>*) is the dual of B(9) and that B(G V ) 
is the dual of B(G) by the crystalline duality theorem [BBMl 5.3]. □ 

Remark 6.10. The proof of Theorem 16.91 does not necessarily use Propo- 
sitions 15.71 and 15.81 Thus we get another proof of the fact that BT# is an 
equivalence of categories, as announced in section [5731 By section [3711 we can 
assume that R is a local Artin ring; then Theorem 16.91 reduces the assertion 
to the case where R = k is a perfect field, which is well-known. 

Remark 6.11. Using Lemma 14.61 one can verify that the isomorphisms of 
Theorem 16.91 and Corollary 13.211 coincide on their common domain of defi- 
nition. 

Corollary 6.12. Let R be an admissible local ring with p = 2. Let be 
a Dieudonne display over R, let G = BTr(^) be the associated p-divisible 
group, and let 9 + be the base change of 3? under S)r — > St^. There is a 
natural isomorphism of 3$^- windows $^(G) = 9 + . 

Proof. We write 9 = (P, Q, F, Fx) and = (P+ Q + ,F, Fx) and = 
9' = (P 1 ,Q' , F, Fx). The base change to Ro = R/pR is denoted by a sub- 
script zero; all functors which appear are compatible with base change. We 
equip the ideal pR with the canonical divided powers. Proposition 15.71 gives 
a natural isomorphism a between and <^o = &q • By Corollary 12.111 we 
have to show that the induced isomorphism B(a) R /^ between B(^q) r / Ro 
and B( ! ^ 2 o)_r/r = ^(^^R/Ro ( see Remark f2. 121 for this equality) maps 
the Hodge filtration of 9' to the common Hodge filtration of 9 and 
If we restrict all crystals to divided power extensions which are compatible 
with the canonical divided powers of p, by Corollary 13.211 and Theorem 16.91 
we have a chain of isomorphisms compatible with Hodge nitrations 

/3 : B + (^') ^ B(G) ^ B(^) = B + (^ + ). 

The analogous isomorphism (3q : B + (^ 2> g) = B + (^ ( ^) maps the Hodge fil- 
tration of to that of Thus suffices to show that B(a) is a scalar 
multiple of /3o, i.e. that the automorphism fi^ 1 o B(a) is a given by a scalar. 
Since B(Q P /Z p ) is free of rank one, this can be deduced from Lemma 14.61 
using the finiteness results of section 13.11 □ 

7. Breuil-Kisin modules 

We repeat the main construction of [La2] without restriction on p. Let R 
be a complete regular local ring with perfect residue field k of characteristic 
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p and with maximal ideal m^. Choose a representation R = &/E& with 

e = w(k)[[ Xl ,...,x r }} 

such that E is a power series with constant term p. Let J C <3 be the ideal 
generated hy x\, . . . ,x r . Choose a ring endomorphism a : S — > & which lifts 
the Frobenius of &/p& such that a (J) C J. Let o"i : E& — > & be defined 
by cri(£ , x) = o~(x) for x£6. These data define a frame 

^ = (&,Ee,R,a,ai). 

For each integer a > 1 let R a = R/m^ and <3 a = <5/J a . We have frames 

m a = {e a ,E<S a ,R a ,a,a x ) 

where a and o\ are induced by the corresponding operators of £$. 

The frames ^ and 3$ a are related with the Witt and Dieudonne frames of 
R and of R a as follows. Let <5 : (5 — ^ W(&) be the unique lift of the identity 
of & such that f5 = 5a, or equivalently w n 5 = a n for n > 0; see [Boul IX. 1, 
proposition 2]. The composition of 5 with the projection W(©) — > W(R) is 
a ring homomorphism 

x : & -> W(R) 

which lifts the projection & — > R such that fx = kg. The same construction 
gives compatible homomorphisms 

for a > 1, which induce x in the projective limit. Since the element x{E) 
maps to zero in R it lies in the image of v : W(R) —> W(R). Let 

u = v~ 1 (x(E)) = f 1 (x(E)). 

We will denote the image of u in W(R a ) also by u. 

Lemma 7.1. The element u G W(i2) is a wit T/ie homomorphisms x and 
x a are u-homomorphisms of frames x : — > Wr and x a : S3 a — > Wn a . 

Proof. This follows from |La2| Proposition 6.1]. One can also argue directly: 
Since the projection W(R) — > W(k) is a local homomorphism, in order to 
show that u is a unit we can work with xi, i.e. consider the case where 
R = k and S = W(k). Then E = p and u = 1. In order that x and x a 
are u-homomorphisms of frames we need that f\x = u ■ xo\. For x £ & we 
calculate f\(x(Ex)) = fi(x(E)x(x)) = f%(x(E)) ■ f(x(x)) = u ■ x(a(x)) = 
u ■ x(ai(Ex)) as required. □ 

Let a be the semi-linear endomorphism of the free W(k)-module J/ J 2 
induced by a. Since a induces the Frobenius modulo p, a is divisible by p. 

Proposition 7.2. The following conditions are equivalent. 

(i) The image of x : 6 W(R) lies in W(R). 

(ii) The image of 5 : 6 -> W(6) /ies in W(6). 

(iii) T/ie endomorphism p~ l a of J/ J 2 is nilpotent modulo p. 

Clearly dTTJ) implies ([!]). In the special case a{xi) = x\ it is easy to see that 
dn|) holds since 5(xi) = [xi\; in this case a is zero. 
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Proof of Proposition \7.2\ For p > 3 the equivalence between ([1]) and (jnT|) is 
\L&2\ Proposition 9.1]; its proof shows that (0) => flm! flu) (0). The 
proof also applies for p = 2 if [La2, Lemma 9.2] is replaced by the following 
Lemma 17.31 □ 

Lemma 7.3. For x £ G let t(x) = (o~(x) — x p )/p. Let m be the maximal 
ideal of (3. For n > the map r preserves m n J and induces a a -linear 
endomorphism gr n (r) of the k-module gr n {J) = m n J/m n+1 J. The endo- 
morphism gro(r) is equal to p~ l a modulo p. For n > 1 there is a surjective 
k-linear map 

vr n : gr n (J) -> gro(J) 
such that gro(T)ir n = Tr n g r n( T ) and such that gr n (r) vanishes on Ker(-7r n ). 
In particular, p~ l a is nilpotent modulo p if and only if gr^{r) is nilpotent, 
which implies that gr n (r) is nilpotent for each n. 

Proof We have er(J) C JP+pJ C mJ and thus a(m n J) C m n+1 J. It follows 
that pr(m n J) C n m n+1 J = pm n J and r(m n J) C m n J. For x,y £ m n J 
the element r(x + y) — t(x) —r(y) is a multiple of xy and thus lies in m 2n+1 J. 
Hence r induces an additive endomorphism gr n {r) of gr n (J). It is cr-linear 
because for a G © and x G m n J the element r(ax) — g{o)t{x) = r(a)x p lies 
in m pn J p C m n+1 J. Let us write a(x{) = x\ + pyi with yi G J. We have 
r(xj) = yi and p _1 cj(j;j) = y« modulo J 2 . Thus gro{r) coincides with p~ x o 
modulo p. 

For each n > 0, a basis of gr n (J) is given by all elements with 
c G N r and 1 < |c| < n + 1 and 6 + |c| = n + 1. Assume that n > 1 
and define 7r n to be the A:-linear map with TT n (p n Xi) = Xi and ir n (p b x-) = 
if |c| > 1. Then gr n {r) vanishes on Ker(7r n ) because <r(J) C mJ, thus 
c(J 2 ) C m 2 J 2 , and because for x G m n J we have x p G m n+2 J. The relation 
gro(T)ir n = ir n gr n (T) holds since r(p n Xi) = p n ~ l x P +p n yi modulo m n+1 (J). 
The last assertion of the lemma is immediate. □ 



Lemma 7.4. If the equivalent conditions of Proposition 7.2 hold, k and x a 
are m-homomorphisms of frames 

where the unit u G W(R) is given by 

u = v _1 (x(£0) =h{*{E)). 
In W(R) we have tli = u if p is odd and u = (v 1 ^ — \p]))~ 1 u if p = 2. 

Proof. The proof of Lemma [7.11 with f\ replaced by ffi shows that u is a unit 
of W(-R) and that x and x a are u-homomorphisms of frames as indicated. 
The relation between w and u follows from the fact that S^r — > Wr is a 
tio-homomorphism where uq = 1 if p is odd and v(uq) = p — \p] if p = 2. □ 



Theorem 7.5. If the equivalent conditions of Proposition \ 7.2\ hold, the 
frame homomorphisms a : SS — > SIr and x a : £$ a — > S>R a are crystalline. 

Proof. The proof for odd p in |La21 Theorem 9.3] works almost literally for 
p = 2. Let us repeat the essential parts of the argument. Fix an integer 
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a > 1. One can define a factorisation of the projection 3§ a +i 3S a into 
strict frame homomorphisms 

(7.i) 3§ a+l 4 3§ a+l ^ m a 

such that 3§ a+ \ = (@a+i) I, Rai o~, This determines / and d\ uniquely: 
Let J a = J a /J a+1 . We have I = EG a+l + J a and ES a+ i n J a = pJ a . The 
endomorphism a of J a induced by a is divisible by p a , and the operator 
Si : / — > & a +i is the unique extension of o\ such that d\(x) = p~ 1 a(x) for 
x € J a . On the other hand, we consider the factorisation 

(7-2) ® Ra+1 A @ Ra+l/Ra ^ @ Ra 

with respect to the trivial divided powers on the kernel m a R /m a R +1 . Then 
x a+ \ is a M-homomorphism of frames ^ a +i — > ^R a+1 /R a - Here the only 
condition to be verified is that for x € J a we have 

(7.3) fx(x a+ x(x)) = u • x a+ i(di(x)) 

in the /c-vector space W(m a R /m a R +1 ). On this space tu acts as the identity. 
Let y = (2/q,2/i, ■■■) in W(J a ) be defined by y n = <Ji(x). Then <5(x) = y 
because the Witt polynomials give w n (y) = p n a r i(x) = o n (x) = w n (S(x)) as 
required. Thus >t a+ \(x) is the reduction of y. Since ffi acts on W(m a R /m a R +1 ) 
by a shift to the left, the relation (|7.3p follows. We obtain compatible 11- 
homomorphisms of frames : (|7.ip — >■ (|T.2[) . The homomorphisms 7r and 7r' 
are crystalline; see the proof of |La2} Theorem 9.3]. Lifts of windows under 
1 and under 1' are both classified by lifts of the Hodge filtration from R a to 
R a +i in a compatible way. Thus if x a is crystalline then so is x a +i, and 
Theorem 17.51 follows by induction, using that xi is an isomorphism. □ 



Following the [VZ] terminology, a Breuil window relative to & — > R is a 
pair (Q, (ft) where Q is a free ©-module of finite rank and where (ft '■ Q — > 
is an S-linear map with cokernel annihilated by E. The category of 3§- 
windows is equivalent to the category of Breuil windows relative to 6 — > R 
by the assignment (P, Q, P, Pi) h-» (Q, (ft), where (ft is the composition of the 
inclusion Q — > P with the inverse of F[ : QW 9* P; see [La2l Lemma 8.2]. 

Corollary 7.6. If the equivalent conditions of Proposition \ 7.2\ hold, there 



is an equivalence of exact categories between p-divisible groups over R and 
Breuil windows relative to 6 —> R. 

Proof. This is analogous to |La21 Corollary 8.3], using Proposition 15.71 □ 

Following [VZj again, a Breuil module relative to & — > R is a triple 
(M, (ft, ip) where M is a finitely generated ©-module annihilated by a power 
of p and of projective dimension at most one, and where (ft : M — > 
and tft : — > M are ©-linear maps with (ftift = E and iftxft = E. If R has 
characteristic zero, such triples are equivalent to pairs (M, (ft) such that the 
cokernel of (ft is annihilated by p; see |La2} Lemma 8.6]. 



Corollary 7.7. If the equivalent conditions of Proposition [7H?| hold, there 
is an equivalence of exact categories between commutative finite flat group 
schemes of p-power order over R and Breuil modules relative to 6 — > R. 
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Proof. This is analogous to [La2, Theorem 8.5]. □ 

Example 7.8. Let R = W{k) and 6 = W(Jfe)[[t]] with a(t) = #\ Define 
6 -> i? by f H- p, thus -B = p — t. We have = p — [p] and thus 

it = v~ l (p — [p]). Assume that p = 2. Then u = uq, and ^ — > @r is a 
strict frame homomorphism. This example has motivated the definition of 
Dieudonne displays for p = 2. 

8. BREUIL-KlSIN MODULES AND CRYSTALS 

We keep the notation of section [7] and assume that the equivalent condi- 
tions of Proposition 17.21 hold. Assume that R has characteristic zero. Let S 
be the p-adic completion of the divided power envelope of the ideal EG C & 
and let I be the kernel of S — > R. Since a : & — > 6 preserves the ideal (E,p) 
it extends to a : S — )■ S. It is easy to see that a (I) C pS; thus a : S — > S is 
a Frobenius lift again. 

Proposition 8.1. Let (Q,(f>) be a Breuil window relative to & — > R and let 

G be the associated p-divisible group over R; see Corollary \7.6\ There is a 
natural isomorphism 

D(G) S/fi = S8 S Q (<,) 
such that the Hodge filtration of D(G)s/r corresponds to the submodule gen- 
erated by <j)(Q) + IQ( a \ and the Frobenius of H)(G) s /r corresponds to the 
a -linear endomorphism of defined by x i— > 1 ® <p~ 1 (Ex). 

In Kisin's theory (when R is one-dimensional) the analogous result is an 
immediate by-product. Here Proposition 18.11 will be deduced from Theorem 
16.91 via Corollary 16.1 2 \ together with a variant of [Zi3j. 

To begin with, the element u = o~(E)/p of S is a unit. Indeed, since 
the arrow & — > R is mapped surjectively onto W(k) — > k, we have a local 
homomorphism S — > W(k), which maps u to 1. Consider the frame 

S^ = (S,I,R,a,ai) 

with <7i (x) = a(x)jp for x £ I. The inclusion t : 6 — > S is a tt-homomorphism 
of frames i : 98 — > 5? . If p = 2 we have defined rings W(R) C W + (i?); if 
p is odd let us write W+(R) = W(R). Then W + (R) -> R is a divided 
power extension of p-adic rings, so the composition & A- W(i?) — > W + (R) 
extends to a ring homomorphism : S — > W + (R), which is a strict frame 
homomorphism k$ : — > St^. Thus we have a commutative square of 
frames: 

9B — i — »■ & 



Here x is crystalline by Theorem 17.51 



Theorem 8.2. The frame homomorphism is crystalline. 

This is a variant of the main result of [Zi3j. It is easy to see that S is an 
admissible topological ring in the sense of Definition 11.21 if and only if r = 1, 
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i.e. if R is a discrete valuation ring. In that case, the methods of |Zi3] apply 
directly, but additional effort is needed to prove Theorem 18.21 in general. 
The proof is postponed to the next section. In fact, we will show more: For 
m > let S <m> be the closure of the 6-algebra in S generated by E % /i\ for 
i < p m . For m > 1 this ring naturally defines a sub- frame ^5< m > of r y, and 
the frame homomorphisms o5< m > — > — > S>^ are crystalline. 

Proof of Proposition COl Let SPg = (P, Q, F, F\) be the ^-window associ- 
ated to (Q, (f>); in particular P = Q^ a \ the inclusion map Q — > P is <fi, and 
F : P — > P corresponds to the u-linear endomorphism of defined by 
i^l» (j)~ x (Ex). We write = i*(<^b) and ^ + = x s *(^y). 

The frames 5? and both satisfy the hypotheses of the beginning of 
section 13.31 Thus Construction 13.141 and Proposition 13.151 applied to 15(G) 
give an J? 9 - window &y and a ^"-window ^ +/ with ^ +/ = xs*&y. By the 
definition of in Proposition l3.19l we have ^ +/ = $^(G), and by Corollary 
16.121 the latter is isomorphic to & + . Since the base change functor xs* is 
fully faithful by Theorem 18. 2\ the isomorphism = & + descends to 

an isomorphism &y = &y. The associated isomorphism of filtered F-V- 
modules gives the proposition. □ 

9. Proof of Theorem 18.21 

We keep the notation of sections [7] and [8) Let us begin with a closer look 
on the p-adic ring S and its subrings S <m> defined above. 

Proposition 9.1. For m > 1 there is a surjective ring homomorphism 
6[[h, . . .,t m ]] -> S <m> defined by U i-> E^/pH. 

In particular, S <m> is a noetherian complete local ring. Proposition 19.11 
is a consequence of the following well-known fact. 

Lemma 9.2. Let A be a noetherian complete local ring with a descending 
sequence of ideals A 5 cio 2 a i =2 • • • • Then A — > hjrm A/ai is surjective. 

Proof. Let m be the maximal ideal of A. For each r, the images of cij — > A/m r 
stabilise for i — > oo to an ideal a r C A/m r '. We have 

hmA/a,, = hmA/(aj +m r ) = ^m (A/m r )/a r . 

i i,r v 

Since the ideals a r form a surjective system, taking the limit over r of the 
exact sequences — > a r — > A/m r — > (A/m r )/a r — > proves the lemma. □ 

Proof of Proposition [9A[ Since the image of E v% jp l \ in S/p n S is nilpotent, 
there is a well-defined homomorphism TT m ^ n : &[[ti, . . . , t m ]] — > S/p n S with 
ti i — y E pl jp l \. By definition, S <m> is the projective limit over n of the image 
of Tn,m- The proposition follows by Lemma [921 d 

Let K = W(k) <8> Q and &q = K[[x\, . . . , x r ]]. Since a : 6 — > & preserves 
the ideal J = (x\, . . . ,x r ) it extends to a homomorphism a : &q — > <5q. 
For r = 1 it is easy to describe S and S <m> as explicit subrings of &q since 
instead of the divided powers of E one can take the divided powers of x\ 
where e is defined by pR = m e R . For r > 2 the situation is more complicated. 
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Proposition 9.3. The natural embedding 6 —> ©q extends to an injective 
homomorphism S — > ©q that commutes with a. 

Thus S <m> is the image of . . . , t m ]] — > &q as in Proposition 19.11 

Proof of Proposition \9.3l Recall that J = (xi, . . . ,x r ) as an ideal of ©. 
Choose E' E J e with E—E' E p& such that e is maximal, thus » E m| ? \m^ ? +1 . 
Let us write gr E ,{&) = E H &/E H+1 & etc. 

Lemma 9.4. The map of graded rings gr£/(@) —> grE'(&o) is injective. 

Proof. It suffices to show that &/E'& — > &q/ E'&q is injective. The choice 
of E' implies that the image of E' in the regular local rings &/p& and &q 
lies in the same power of the maximal ideals. Therefore the /c-dimension of 
6/0© + E'e + J n ) is equal to the if-dimension of & Q /(E'6 Q + J n G Q ). 
Since the last module is isomorphic to &/(E'& + J n ) (g) Q it follows that 
©/(£'© + J n ) is a free T^(/c)-module and injects into 6q/(E'6q + J n 6 Q ). 
Since G/E'G and &q/E'&q are J-adic the lemma follows. □ 

Let So C 6<q be the ©-algebra generated by E H /i\ for i > 1, or equiva- 
lently by E % ji\ for i > 1, so S 1 is the p-adic completion of Sq. Let 5o, n be the 
image of — > &Q/E' n &Q and let S = lim^ S^o,n- Each 5o, n is a noetherian 
complete local ring with residue field k and thus a p-adic ring. Since So, n 
has no p-torsion it follows that S is p-adic. We obtain a homomorphism 
5 — > S C ©q which extends So C 5 C ©q. 

Lemma 9.5. We have So n p<S = pSo inside S. 

Proof. Let x E 5onp5 be given. We have to show that x lies in pSo- Assume 
that i / and choose an expression (*) x = Yli=o a i^' n % l n %- with a, £ 6 
such that no < ■ ■ ■ < n s . We use induction on n s — no- 

Suppose E' divides a in 6. Then a 0j E /n °/"-o! = a' Q E' n 'o / (n' )! with n' = 
no + 1 and a = n' ao/E'. If s > this allows to find a new expression 
of x of the type (*) with smaller value of n s — no, and we are done by 
induction. If s = we replace the expression (*) by x = a' E' n o/n' \; call 
this a modification of the first type. 

Suppose E' does not divide ao in ©. Lemma [93] implies that the image 
of x in gr E °i{Gq) is non-zero. In 5o jno +i we have x = py. Choose an 
expression y = Yli=i CiE n /i\ with a G © such that I is maximal. Then E' 
does not divide q in 6, and Lemma [9.41 implies that y has non-zero image in 
gr E ,(&Q). Thus £ = no. Using Lemma 19.41 again, it follows that the image 
of ao in ©/£"© is divisible by p. Let ao = pbo + b±E' with b% E © and let 
x' = x — pboE' n ° /nol. Then x — x' E pSo; thus x' E So Hp5, and we have to 
show that x' E pSo- If s > we get an expression of x' of the type (★) with 
smaller value of n s — no, and we are done by induction. If s = we replace 
x by x' and take for (*) the expression x' = a' E' n o/n' \ with n' = no + 1 
and a' = n' bi; call this a modification of the second type. 

If s > the inductive step is already finished. So we may assume that 
s = 0. We apply successively modifications of the first or second type 
depending on whether E' divides ao- After at most p steps, the new value 
of ao becomes divisible by p, and thus x lies in pSo- □ 
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Since So/p n So — > S/p n S is injective by Lemma I931 the projective limit 
of these maps S — > S is injective, and so S — > Sq is injective. In order 
that this map commutes with a it suffices to show that S —> &q/ J h &q 
commutes with a for each n; this is true since So —> &q/ J n &Q commutes 
with a, and the image of this map is p-adic. Proposition 19,31 is proved. □ 

Let us now consider the frames. 

Lemma 9.6. Form > 1 we have a sub-frame of 5? = (S, I, R, o~, a\), 

R, a, <ti). 

Proof. Necessarily I <m> = I H S <m> . We have to show that a : S — ^ S 
stabilises S <m> and that o~\ = p~ l a : I S maps I< m > into S< m> . We will 
show that cr(S) and are contained in S < i > . Namely, we have o~(E) = 

px with x 6 Thus o~i(E l /i\) = (p-i\)~ 1 (px) 1 lies in S[F p /p], since 

1 + < i for i > 1. Since I/p n I is the kernel of S/p n S —> R/p n R, it is 

generated as an S-module by the elements E l j%\ for i > 1. Thus the image 
of the map I /p n+1 I — > S/p n S induced by o\ lies in the image of S < \ > , and 
it follows that o"i(J) C S < \ > . Since S = & + 1 we get cr(S') C 5<i>. □ 

Proposition 9.7. For m > 1 f/ie inclusion y <m> —> 5? is crystalline. 

Proof. This is a formal consequence of the relations cr(S) C S <m> and 
0i(-O ^ S <m> verified in the proof of Lemma [9~6l 

Indeed, let ^ = (P, Q, F, iq) be an J^-window. Choose a normal decom- 
position P = L © T, and let ^ : L © T — > P be the u-linear isomorphism 
defined by Fx on L and by F on T. Then P <m> := S <m> ^(L © T) is a 
free 5< m >-module with S®s <m > -P< m > = -P. Moreover F\{Q) C P <m> and 
F(P) C P <m> . We set Q <m> = Q n P< m >. Let P <m> — L <m> © T< m > 
be a normal decomposition and let 1 J r <m> : L <m> © T <m> — > P <m > be 
the cr-linear map defined by Fx on L <m> and by F on T <m> . In order 
that the quadruple &< m> = (P< m >, Q<m>,F, Fi) is an o?< m >-window with 
base change ^ we need that the determinant of \l/< m > is invertible. But the 
determinant of Vl/<m> becomes invertible in S because is a window; more- 
over S <m> — > S is a local homomorphism. Thus the base change functor 
from o5< m >-windows to ^-windows is essentially surjective. 

In order that the functor is fully faithful it suffices to show that it induces a 
bijection End(^3 2 < m >) — > End(<5^). Clearly the map is injective. We have to 
show that every h £ End(^) stabilises P <m> . But h(Fx{Q)) = iq(/i(Q)) C 
Fi(Q) C P <m> , and F\{Q) generates P< m > as an 5 , <m >-module. This 
proves the proposition. □ 

Proposition 9.8. For m > 1 the composition 9 <m - > —> 5? S 1 ^ is 
crystalline. 

This is the main step in the proof of Theorem 18.21 The proof of Proposi- 
tion 19.71 is a variant of the proof of Theorem 17.51 

Proof. We choose e such that p G m e R \ tn^*" 1 and consider the index set 
N = {1,2, . . .}U{e + }, ordered by the natural order of Z and e < e + < e+1. 
For n 6 iV let ra + 6 N be its successor. Let mfj + = tn^" 1 + pi?. For n G iV 
let i? n = i?/m'^. We equip the ideal m^/m^ + of with the trivial divided 
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powers if n 7^ e + and with the canonical divided powers of p if n = e + ; these 
are again trivial if p is odd. In all cases the divided powers are compatible 
with the canonical divided powers of p, and we obtain frames 

Let T n be the image of S <m> — ^> W + (R) —> W + (R n ). Since xsct = fxs, 
the ring T n is stable under /. Let K n be the kernel of T n —> R n and let K n 
be the kernel of T n + — > R n . 

We claim that f\{K n ) C T n +. If this is proved, we obtain frames 

— v^ni R n , f, fx) 
^n+/n = (T n + , Kni Rn: f 1 fl) 

and a commutative diagram of frames with strict homomorphisms: 

=^n+ ^ /n ► ^ri 

Here 7T is crystalline because the hypotheses of Theorem 1 2 . 2 1 are satisfied; 
see the proof of Corollary 12.91 Since the vertical arrows are injective, it 
follows that 7r' satisfies the hypotheses of Theorem 12.21 as well, thus tt' is 
crystalline. Moreover lifts of windows under t/j and under t/j' correspond to 
lifts of the Hodge filtration from R n to R n + in the same way. Since i\ is 
bijective, it follows that i n is crystalline for each n. Consider the limit frame 

^ = ]^mX = (T,K,R,f,f 1 ). 

n 

The inclusion 1 : 2? — > is the projective limit over n of i n and thus 
crystalline. Since S <m> is noetherian by Proposition [9TJ Lemma f9.2l implies 
that T = lim^ T n is the image of x$ : S <m> — > W + (i?). If x$ is injective, 
we get =5< m > = S", so S fi <m> — > is crystalline as required. 

Since we have not proved that x$ is injective we need an extra argument. 
Let a be the kernel of xs '■ S <m> — > W + (R) and let a n = a n J™Sq for 
n > 1; here we use that 5 is a subring of Sq by Proposition 19.31 We have 
= 01. The ideals a n of S <m> are stable under a, and they are also stable 
under a\ since S <m> /a and a n /a n+ i have no p-torsion. Thus we can define 
frames =5< m >,n = (S< m> /a n , /< m >/o n , i?, a, a%). We have =-5< m >,i = 
and the projective limit over n of =5< m>jT1 is isomorphic to o5< m > by Lemma 
19.21 and Proposition 19.31 The ideal a n /a n+ i is a finitely generated W(k)- 
submodule of (J n / J n+1 ) <g) Q that contains J n /J n+1 . Since the conditions 
of Proposition l7.2l are satisfied, the endomorphism a\ of a n / a n+ \ is p-adically 



nilpotent. Thus y <m >. n+ i — > S /fi <m> ^ n is crystalline; see the proof of [La2[ 
Theorem 9.3]. It follows that 5^ <m> — > 3? is crystalline, so -5^ <m> — > S)^ is 
crystalline too. 

To prove Proposition 19.81 it remains to show that fi(K n ) is contained in 
T n +. Let M n be the kernel of S <m> — > R n , so K n is the image of M n — > 
W + (R n +). Since xga = fx$ and since /1 is /-linear it suffices to show that 
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a set of generators Xi of the ideal M n with images xs( x i) = X{ £ K n satisfies 
fi(xi) G T n +. Since iur = Ji?, for n ^ e + the ideal M n is generated by 
^<m> an d «/ n , while M e + is generated by I< m > and J e+1 and p. We check 
these generators case by case. 

First, for x G /< m > we have fi(x) G T„+ because =5< m > — )• ^„ is a 
frame homomorphism. 

Assume that n / e + . The homomorphism 5 : J n / J n+l — > VF(J n /J n+1 ) is 
given by = (a;, o"i(x), (o"i) 2 (x), . . .). Indeed, applying the Witt polyno- 
mial u> n to this equation gives a n (x) = p n (ai) n (x), which is true. Since the 
divided powers on m'^/m'^ + are trivial, the endomorphism fi of VF(m^/m^ + ) 
is given by a shift to the left. Thus the map x$ : J n /J n+1 — > VF(m^,/m^ + ) 
satisfies ks<J\ = /1X5, and we see that G T n + for x G J n . 

Assume now that n = e + . Since J e+1 maps to zero in W{R e j r \) it remains 
to show that fi(p) G T n +. Now Log(p — v(l)) = [p, 0, 0, . . .]; cf. the proof of 
Lemma Ol Thus fx(p) = h{v(l)) = 1. □ 

Theorem 18.21 follows from Propositions 19.71 and 19.81 □ 

Remark 9.9. Assume that r = 1, i.e. R is a discrete valuation ring. If 
pR = mfj, the ring S is the p-adic completion of W(&)[[i]] [{t em /ml} m >i]. 
It is easy to see that each quotient S/p n S is admissible, so the p-adic ring 
S is an admissible topological ring. In particular, W + (S) is defined. Since 
we assumed that the image of 5 : & — > W(&) lies in W(S), the image 
of 5 : S -> W(S) lies in W+(5); here one uses that W+(5) -»• i? is the 
projective limit of the divided power extensions W + (S/p n S) — > R/p n R and 
that each W + (S/p n S) is p-adic. If p > 3 this means that 5? is a Dieudonne 
frame in the sense of |Zi3[ Definition 3.1], and Theorem [52] becomes a special 
case of [Zi3|, Theorem 3.2]. For p = 2 the proof of loc.cit. works as well. The 
starting point is the construction of an inverse functor of xs*] it maps a 
£^-window & to the value of its crystal I$ + (&) s / R , equipped with an 
appropriate ^-window structure. 

If r > 2, the ring S is not admissible and thus the crystal of a £^-window 
can not be evaluated at S/R. However, one can define by hand a sub- frame 
^S/R °^ ^S/R such that @s/ R — > Stft is crystalline. This allows to evaluate 
the crystal at S/R and to define an inverse functor of x$* as before. The 
underlying ring of &g^ R is defined as follows. Let S mtn be the image of 
S< m > — > S/p n S and let I m ,n be the kernel of S mjn — > R/p n R. The divided 
Witt polynomials define an isomorphism Log : W{I /p n I) = (I/p n I)°°, and 
our ring is jim ^ lim m of the rings W + (So,n) + Log _1 ((/ m>n ) <00> ). If one 
takes lim of these rings for fixed m > 1, one gets a frame &t id with 

■f^n o <r n>/rl 

a crystalline homomorphism to fi^. This allows to construct the inverse 
functor from ^^-windows to o5< m > -windows. We leave out the details. 
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